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The task of moisture removal from small, delicate surfaces such as sensors and flight surfaces on microflyers can be challenging due to remote location and small scale. Robustness is enhanced when such
surfaces, of comparable scale to deposited drops, can remove deposition without external influence. At
this scale, the dynamics of a solid surface responding to a mechanical input is highly-coupled to the
fluid resting above. In this study, we explore highly-coupled fluid–solid mechanics using singular liquid
drops of water and a glycerin solution resting on millimetric, forced cantilevers. These wing-inspired
cantilevers are sinusoidally displaced at their base across 85–115 Hz, producing surface accelerations up
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to 45 gravities at drop release. We observe three principal drop release modes: sliding, normal-to-
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and cantilever motion. Predictions of ejection modes are accomplished by application of Euler elastica
theory and drop adhesion forces. Lastly, we determine damping of cantilever motion imposed by
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sloshing drops.

cantilever ejection, and drop pinch-off. Release modes are dependent on drop and cantilever properties,

1 Introduction
In this study, we consider drop motion and release from flexible,
millimetric cantilevers with a cantilever boundary condition, a
simple fluid–structure system that moves in two dimensions.
Motion from a forced base produces first-mode cantilever bending which, at sufficient acceleration, releases all or a portion of
the fluid drop resting closer to the cantilever tip than the base.
Such a simple system is of physical interest because temporal
bending of a millimetric cantilever and a deforming drop are
highly-coupled, complicating the predictions and conditions for
drop release. Additionally, our chosen system is motivated by
fluid control and the ability of surfaces to rapidly remove contaminants. It is often desirable to merge fluid drops, establish
flow inside a drop, linearly displace drops, or remove drops from
a surface altogether,1 all of which may be done with tuned
motion of a supporting substrate.
Traditional studies of drop motion on a solid surface have
been constrained to one-dimensional surface motion which
deforms1–5 or shatters drops,6 and those which consider sliding
induced by wind shear7,8 or body forces.9 Drops of radius B5 mm
and larger can be removed by gravity, but displacement of smaller
drops in sliding or ejection type motion is difficult, particularly
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
those smaller than the capillary length ‘c ¼ s=rg ¼ 2:7 mm
(for water), where r, s, and g are fluid density, surface tension,
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and acceleration due to gravity respectively. For a drop to move,
contact angle hysteresis must be overcome.2,4 This is perhaps
most elegantly witnessed in sessile drops adhered to vertical
surfaces. When the surface is vibrated parallel to gravity, the
induced acceleration may permit the drop to remain static, fall,
or climb upward.4 Lateral vibration is diffused in the Stokes
layer, but competing inertial and Laplace forces in the upper
portions of the drop lead to the expression of capillary waves on
the surface.3
Some applications will require the removal of fluids from a
solid substrate altogether. An example of the criticality of mass
removal is the maintenance of small flight surfaces clean of
debris, including moisture deposited from rain or dewfall.10–12
For small flyers, such as insects and burgeoning robots of
similar scale, the threat tendered by accumulated drops on
flight surfaces is severe because the addition of mass alters
both wing aerodynamics and the dynamics of motion. These
small bodies are tuned to operate within a narrow window of
conditions.13–16 What is an effective method to quickly dry
small surfaces with little input? Insects provide a template that
we emulate, as seen in Fig. 1. Inspiration for our system of
study comes from Dickerson et al. (2014),10 who made the
observation that wet mosquitoes employ a modified wingbeat at
flight startup to remove moisture. This maneuver is comparable to
forcibly driving a free beam near one of its harmonic modes, such
that free end deflection is greater than the fixed end. This ‘flutter
stroke’ creates dramatic deflection in a mosquito’s wings and
disperses a number of small drops in milliseconds, as shown
Fig. 1a. During the flutter stroke phase lasting 4 ms, the wings beat
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the onset of drop motion. We discuss implications of our
model and results in Section 5, and provide concluding
remarks in Section 6.

2 Methods
Published on 20 January 2020. Downloaded by University of Central Florida on 1/29/2020 1:13:26 PM.

2.1

Fig. 1 (a) In nature, dewfall loads flight critical surfaces with droplets.
However, it has been observed10 that mosquitoes have a special wingbeat,
a ‘flutter stroke,’ specifically displayed for contaminant removal. (b) Our
laboratory system, flexible polymeric cantilevers topped with drops is
inspired by the mosquito.

at 875 Hz, more than twice the in-flight frequency of the Anopheles
freeborni used in tests. During the flutter stroke, the wingtip
amplitude, at less than 1 mm, is roughly 10% of a normal stroke,
but produces higher acceleration on adhered drops. For an
amplitude of 0.8 mm and frequency f = 875 Hz, the flutter stroke
generates 2500 gravities (g). Thus, this motion is explicitly for
removing drops, and not for flight.
Similar experimental systems to ours shown in Fig. 1b, have
been explored in the context of drop impact onto cantilevered
beams17,18 and fibers.19,20 Whether beam or fiber, cantilever
deflection increases with drop impact velocity and cantilever
length, while increasing length decreases vibration frequency.
The eﬀects of drop deformation during impact have only been
captured numerically.18 Water repellent cantilevers undergo
the greatest deflection and bending energy when impacted by
a falling drop due to drop rebound, while wetting cantilevers
capture drops.17,18 Fibers too may capture drops, in whole or in
part, when suﬃciently wetting and below critical impact
velocities.19,20 The ability of fibers to capture drops is enhanced
by flexibility, which lengthens impact and drop elongation
times. Longer impact times enable a gentler arrest of the drops’
kinetic energy and reduce the extent of drop deformation,
decreasing the likelihood that drops will shatter or flow around
the fiber.
In contrast to drop impact inducing cantilever deflection, in
this study we use cantilever vibration to induce drop motion,
and consider the physics of drop motion across a range of
cantilever wetting properties, drop position, fluid properties,
vibration amplitude, and vibration frequency. We begin with
a description of our experimental methods in Section 2.
We initiate Section 3 with a description of the drop release
modes witnessed from our system and present models of
acceleration for each type. A model is developed for the dropcantilever system using extended elastica theory and the
shooting method in Section 4.1, which allows us to predict
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Experiment

We construct cantilevers from PTFE (polytetrafluoroethylene) of
elastic modulus E = 480 MPa, thickness 0.05 mm (0.002 inch),
and width 3.60 mm (0.14 inch), sourced from McMaster-Carr.
Cantilevers are cut to size with a Universal Laser Systems
ILS12.150D laser cutter at suﬃcient power to make a cut while
not charring and bevelling edges. Cantilevers are attached to
the post of a K2007E01 electrodynamic shaker with cyanoacrylate adhesive. The shaker drives the cantilever base at
85–115 Hz in linear motion parallel to gravity and is controlled
by a Keysight 33210A signal generator for constant amplitude
experiments, with impulsively started base motion. A schematic
of our experimental setup is shown in Fig. 2. We note the
amplitude of the shaker post is not constant, and provide an
experimentally measured amplitude curve for the shaker across
the range of test frequencies, shown in Fig. S1 (ESI†). For experiments in which a linearly increasing amplitude is required, we use
a NI9263 10 V 4-Channel C series module and a bus-powered,
compactDAQ cDAQ9171 USB chassis to interface with LabVIEW.
NeverWets hydrophobic coating is used to increase the range of
cantilever wetting properties up to an equilibrium contact angle
of ye = 1551. Greater values of ye are achievable by multiple
applications of NeverWets, but preclude drop placement onto
the surface. We achieve lower values of ye by mechanically
removing the coating by hand. Fluid properties are augmented
by mixing glycerin and water, 1 : 1 by volume. The surface tension
of the glycerin–water mixture is measured with a SITA DynoTester+
surface tensiometer using the bubble pressure method. Drops are
placed on the cantilever using a needle and syringe.
2.2

Video analysis

Drop release events are filmed with a Photron AX-200 high-speed
camera at 8000 fps. The camera is fitted with a Nikon Sigma
APO Macro 150 mm f/2.8 lens and lit by Amscope LED-50 W &

Fig. 2

Experimental setup.
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LED-30 W gooseneck lights. Drop measurements, location, and
cantilever motion are gathered with Open Source Physics
Tracker software. MATLAB curve fitting tools are used to fit a
sum of sines to cantilever tracks, with the number of terms
chosen to maximize the R2 goodness of fit. Savitzky Golay filter21
and empirical mode decomposition22,23 is used to remove any
line noise in the shaker signal. From fitted equations of motion,
we extract local acceleration of the cantilever at the moment the
drop severs contact with the surface.

3 Experimental determination of drop
ejection modes
We perform a series of drop release experiments from forced,
millimetric cantilevers, filmed using a high-speed camera.
Drops of water and a 1 : 1 water–glycerin solution by volume
are released from a polymeric cantilever within milliseconds,
and we observe drop ejection can be a complicated, multi-stage
event in which fluid removal occurs through multiple mechanisms
in sequence, which is particularly true for drops larger than the
capillary length. However, we observe three principal modes of
drop release that can be singly witnessed under the appropriate set
of cantilever and drop conditions. We categorize these three
release modes as sliding, normal-to-cantilever ejection, and
pinch-off, which we discuss in turn and summarize in Table 1.
The expression of these modes is determined by cohesion forces
Fcoh, adhesion forces Fad, and inertial forces Fi, in normal (N) and
tangential (T) directions. Following the presentation of release
modes, we show how drop and cantilever properties may be
adjusted to elicit a particular mode.
3.1

Sliding

Sliding of a mobile drop from the end of a cantilever is depicted
in Fig. 3a. This type of ejection occurs for cantilevers undergoing
relatively large deflection angle a = 181–251 (Fig. 4), and requires
tangential accelerations sufficient for continuous unpinning of
contact lines.1 Therefore, this type of release cannot be ascertained
with an infinitely rigid cantilever with a translating base. The photo
sequence in Fig. 3d (Movie S1, ESI†) was garnered using a hydrophobic (ye = 1411), 10 mm cantilever. A track of the cantilever
directly beneath the drop at x0 and water drop crest is shown in
Fig. 3g, for the system pictured in Fig. 3d. The drop begins to slide
11 ms after motion inception and severs contact with the cantilever
tip at 19 ms.
To slide the drop tangentially along the cantilever, system
forces in Fig. 4 must satisfy the following:
Fad;N 4 Fi;N & Fcoh 4 Fad & Fi;T 4 Fad;T
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
no drop pinch-off inertia overcomes hysteresis
no normal ejection

Table 1

(1)

Fig. 3 Drop ejection modes. (a–c) Schematics of modes. (d–f) Photo
sequences of ejections at 85 Hz. (g–i) Temporal deflection W of cantilever
tip and drop crest.

Inertial force must overcome liquid–solid adhesion and produce
mobile contact lines. Such adhesion force depends on the drop’s
advancing and receding contact angles, ya and yr respectively,1,24–30
such that
Fad,T = ksRs(cos yr  cos ya),

(2)

where R is the spherical drop radius. The factor ks may be
determined experimentally or analytically, but there exists no
consistent value in literature, even for simple geometries and
one-dimensional substrate motion.24 If contact angle hysteresis,
and thus adhesion, is high for cantilevers experiencing high
tangential forces, drops may remain pinned and experience
tangential pinch-oﬀ, covered below in Section 3.3. The critical
tangential force to produce sliding Fi,T = 0.18–0.3 mN is found
from video analysis by tracking the motion of the cantilever
at the drops’ points of contact. The drop mass is calculated
by assuming the drop has a spherical curvature above the
cantilever,31

md ¼ rp



4 3
ðh0 Þ2
R  R2 h0 þ
 ðh0 Þ2 cos ye þ R2 h0 cos2 ye ; (3)
3
3

Combined ejection mode summary for water and a 1 : 1 water–glycerin mixture by volume, atop cantilevers with an impulsively-started base

Mode

Ejected mass [%]

Contact angle [1]

Inertial ejection force [mN]

Acceleration (impulsively started base) [g]

Sliding
Normal
Pinch-oﬀ

100
100
92–95

\135
\135
u135

Fi,T = 0.18–0.3
Fi,N = 0.18–0.25
Fi = 0.15–0.52

7–18
14–24
15–37

This journal is © The Royal Society of Chemistry 2020
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Fig. 4 Free body diagram of liquid drop on a cantilever under deflection.

For normal-to-substrate ejection, the forces depicted in
Fig. 4 must satisfy the following:
Fi;N 4 Fad;N & Fcoh 4 Fad & Fad;T 4 Fi;T ;
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
no drop pinch-off
inertia overcomes adhesion
no drop sliding

Fig. 5 (a) Kinematic data of sliding drops for a 1 : 1 water–glycerin solution
by volume for the determination of ks. (b) Kinematic data of normal
movement for water drops and drops of a 1 : 1 water–glycerin solution
by volume for the determination of kn. aT in (a) is the tangential component
and aN is the normal component of acceleration of the beam at the time
of ejection. The constant e = 3s(cos yr  cos ya)/2pr for (a) and e = 3s(1 +
cos yr)/2pr for (b).

where h 0 is the distance the sphere would protrude below the
cantilever. Further discussion of eqn (3) is provided in the ESI.†
We find that sliding is more frequently observed with the glycerin
solution. These drops have yr = 92  31 (N = 7), ya = 142  2
(N = 7), s = 67.5  0.5 dyn per cm (N = 3), R = 0.6–0.9 mm and
r = 1.12 g cm3. By setting Fi,T = Fad,T, we find ks = 3.06, R2 = 0.982
from eqn (2) and as shown in Fig. 5a, which agrees with the value
reported in a previous study,32 ks = p.
3.2

Normal-to-substrate ejection

Normal-to-substrate ejection, as depicted in Fig. 3b, occurs
when a drop is released from the surface along the outwardfacing normal and no portion of the drop remains adhered to
the surface. This type of ejection is most probable for stiﬀ,
high hysteresis cantilevers where cantilever angle deflection is
relatively small (a = 61–131), imbuing tangential acceleration
less than normal acceleration. Fig. 3h shows a vertical track of
the cantilever directly beneath the drop at x0 and the water
drop’s crest for the system pictured in Fig. 3e (Movie S2, ESI†)
experiencing normal ejection at 85 Hz. Prior to ejection the
drop flattens, storing surface energy before leaving the substrate as the solid cantilever changes direction. This particular
drop is released from the cantilever at 10 ms from motion
inception, and cantilever amplitude grows 300% within one
cycle following drop departure.

Soft Matter

(4)

Cantilever accelerations produce nearly axisymmetric contact
line motion in this release mode such that the entire circular
contact line assumes the receding contact angle, yr = 124  31
(N = 9). Thus the critical adhesion force that must be overcome
by inertia can be expressed
Fad,N = knRs(cos yr + 1),

(5)

where the factor kn is determined experimentally. The critical
normal force to eject drops via this mode Fi,N = 0.18–0.25 mN.
By setting Fi,N = Fad,N, we find the value of kn = 6.42 (R2 = 0.60)
for a 50% glycerin solution, whereas for water kn = 6.33
(R2 = 0.77), as shown in Fig. 5b. Both kn values are approximately
2p, an experimental confirmation that adhesion is directly proportional to the contact line perimeter in normal-to-substrate
movement. There is no kn value for comparison given in literature
to the authors’ knowledge.
3.3

Pinch-oﬀ

During pinch-oﬀ, a portion of the adhered drop is flung from
the cantilever while another portion is left attached, as depicted
in Fig. 3c. Pinch-oﬀ ejections typically exhibit contact line
motion prior to mass release, leaving the portion remaining
on the substrate with a considerably smaller radius than the
parent drop. A characteristic of pinch-oﬀ not observed in the
previous two modes is the liquid bridge, or neck, connecting
the mobile and stationary portions of the drop at ejection.
Pinch-oﬀ separation occurs via three modes: neck closure at
the pinned liquid body (Fig. 3f), neck closure at the releasing
drop, and simultaneous closure of the neck at two locations
(Movie S3, ESI†). In the latter case, the neck itself becomes a
satellite drop, or two. We do not diﬀerentiate pinch-oﬀ releases
by neck closure scenarios in the ensuing discussion. A track
of the cantilever directly beneath the drop at x0 and drop crest
for a pinch-oﬀ ejection is shown in Fig. 3i, for the system
pictured in Fig. 3f. The bulk, B95%, of the drop separates from
the substrate at 12 ms following the onset of base motion.

This journal is © The Royal Society of Chemistry 2020
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To eject liquid via pinch-oﬀ, system forces must satisfy the
following:
Fad 4 Fcoh
|ﬄﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
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adhesion exceeds drop cohesion

&

Fi 4 Fcoh
|ﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄ}

(6)

inertia exceeds drop cohesion

Previous numerical studies have considered drop ejection and
pinch-oﬀ from a vertically moving substrate,33–35 but the unpredictable and ephemeral nature of a deforming drop’s curvature
ensures no analytical expression for Fcoh. However, we find the
occurrence of pinch-off depends strongly on surface wettability, as
discussed in Section 3.4, while time to pinch-off highly depends
on the history of system motion, discussed in Section 4. Pinch-off
release from static capillary tubes has been well-characterized36,37
and provides a tool to describe the pinch-off in our system.
Our experiments with water reveal that drop release from cantilevers
via pinch-off satisfies a modification of Tate’s Law,38
me ¼

2psRp
GðRc ; x0 ; ye Þ
ac

(7)

where me = 0.7–5.66 mg is the ejected drop mass, Rp = 0.56–1.14 mm
is the radius of the parcel of fluid remaining attached to the
substrate, and ac = 149–365 m s2 is the magnitude of substrate
acceleration at the moment of pinch-off. We estimate the correction factor G as a constant function, as done previously.38,39 We
plot me against dimensionless drop size Rc/cc in Fig. 6a, and
provide experimental data from dripping capillary tubes38 for
comparison. We do not expect G to match that for glass capillaries,
which have a contact line perimeter fixed to the tube lip. We
further justify the treatment of F as constant by observing the
relation between me and Rp/ac, plotted in Fig. 6b, and find G = 0.34
(R2 = 0.94) for water and G = 0.39 (R2 = 0.95) for the glycerin
solution vibrated at 85 Hz. The correction factor G in our system
is independent of frequency. For water, G = 0.29 (R2 = 0.94) and
G = 0.30 (R2 = 0.90) for 100 Hz and 115 Hz, respectively, and the
associated data is plotted in Fig. S2 (ESI†). Surprisingly, the
above values of G are very similar to that found in a previous study
on drop release from clumps of mammalian fur,39 suggesting
universality in inertia-driven drop ejection systems. Like the fur,
extrapolated values of me will reach zero for non-zero Rp, indicating
the smallest drops cannot be removed via pinch-off.

Fig. 6 Drop release via pinch-oﬀ. (a) The dependence of released mass
on the size of the initally deposited drop. The mass of drops dripping from
glass capillaries is shown for comparison.38 (b) The relation between
released drop mass and cantilever acceleration of drop release. Best fits
in (b) are given by eqn (7) using G(Rc,x0,ye) = 0.34 for water and 0.39 for 1 : 1
glycerin solution by volume at 85 Hz.

This journal is © The Royal Society of Chemistry 2020

3.4

Tuning system properties to elicit modal behavior

The selection of system variables such as cantilever length L
(a proxy for stiﬀness), drop location x0, R, and ye allows for the
solicitation of a particular ejection mode. By fixing some system
parameters and varying others using a singular 10 mm long
PTFE cantilever, we find ejection modes appear as groups in the
parameter space, as shown in the plots for water (Fig. 7a and c)
and glycerin solution (Fig. 7b and d). In Fig. 7a and b, we fix x0,
and vary R and ye. The most hydrophobic cantilevers display
primarily normal ejection modes, with the most wetting cantilevers
tending toward pinch-oﬀ.
To define the equilibrium contact angle ye,t at the transition
of normal and pinch-oﬀ ejections in Fig. 7a and b, we equate
Fad,N = meac from eqn (5) and (7), to find the receding contact
angle at this threshold,


2pG
1 ;
(8)
yr;t ¼ arccos
kn
as the contact line of a drop at the transition of normal and
pinch-oﬀ ejection draws inward to occupy an area smaller than the
unperturbed drop (Fig. 3). If the contact line motion ceases, the
drop will pinch oﬀ in cohesion failure. At this critical juncture, we
assume the radii of interest in eqn (5) and (7) are equivalent
because both refer to the adhesion at the contact line. Thus, yr,t is
independent of drop size, which is supported by Fig. 7a and b. For
water yr,t = 1321 and for the glycerin solution yr,t = 1281. The values
of ye,t corresponding to yr,t are found theoretically by40


Acosya þ Bcosyr;t
;
ye;t ¼ arccos
AþB


sin3 ya
where A ¼
2  3cosya þ cos3 ya

13



sin3 yr;c
;B ¼
2  3cosyr;t þ cos3 yr;c

13
:

(9)
We set the value of ya = 1501 (N = 8) by measuring those from
normal ejections. The resulting values for water and the glycerin
solution are ye,t = 1381 ye,t = 1361, respectively, and delineate the
regions in Fig. 7a and b. The relative values of this pinch-oﬀ
threshold for the two fluids can be explained by the slightly lower
surface tension of the glycerin solution, 92.5% that of water.
In Fig. 7c and d, we fix ye = 136.3  2.11 (N = 34) whilst
varying R and x0. We find the occurrence of release modes more
strongly depends on drop location x0 than R. Drops located
nearer the cantilever tip experience ejection forces more rapidly
following base motion startup because a number of cycles are
required for maximal cantilever deflection. Rapid release thus
favors sliding and normal ejections, before the drop is allowed
to significantly deform. A comparison of drop deformation and
time to contact line motion is given in Fig. 8. We explore the
role of drop sloshing in Section 4.

4 Drop sloshing damps vibration
In Section 3, we present ejection results for which base
motion amplitude is fixed, producing ejections within two
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Fig. 7 Ejection mode plots for water (a and c) and 1 : 1 water–glycerin solution (b and d), for fixed drop position x0 (a and b) and fixed equilibrium contact
angle ye (c and d).

Fig. 8 Photo sequences of ejection modes with cantilever tip deflection tracks overlaid to highlight the onset of contact line motion. Time stamps on
the timeline correspond to photos, with t = 0 corresponding to the onset of base motion.

vibration cycles. We now allow base amplitude to linearly increase
with time to establish a greater history of drop deformation by
extending time to ejection. To quantify the damping induced by
drop sloshing we match idealized deflection, with rigid masses,
to experimental deflection curves with deforming drops. In the
following subsection we present our deflection model that
determines temporal cantilever shape and provides damping
coeﬃcients and inertial force.
4.1

Model of cantilever shape under vibration

The traditional approach to cantilever beam structural dynamics
theory employs the Euler–Bernoulli kinematic assumption with

Soft Matter

small deflections and provides a straightforward path from a
statement of equilibrium to the equation of motion. However, the
inclusion of a theoretical point mass complicates the solution;41
the presence of a fluid drop atop the cantilever exacerbates the
need for a new approach. The extended Hamilton’s principle42
provides an equivalent means to describe the equation of
motion of this dynamic system, schematized in Fig. 2. Using
the assumed-modes method with von Kármán strains to capture
the large deflection of the thin beam leads to the nonlinear
form43
:
Mä + ca + kLa + kNLa3 = M0ä0(t)

(10)

This journal is © The Royal Society of Chemistry 2020
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where a(t) represents the amplitude of the assumed mode
motion; a0 is the prescribed transverse base motion of the
beam/drop system; M, C, K are the linear equivalent mass,
damping, and stiﬀness terms; kNL is a nonlinear stiﬀness term;
and M0 is a mass term coupling the base (rigid) and deformable
motions of the beam/drop system. Using the extended Hamilton’s
principle, the mass and stiﬀness terms come directly from
computations of work and energy. The damping terms can be
motivated similarly, though specific application typically drives
selection of these terms, in no small part because boundary
conditions play a significant role in energy dissipation.44–49 Moreover, any drop deformation contributes to the beam damping; as a
first pass, we assume the drop acts as a point mass at the drop
location x0. The role of damping on the actual cantilever
deformation shape is outside the scope of this study.
The beam transverse deflection is described by w(x,t) = a0(t) +
a(t)wam(x), where wam(x) is an assumed mode based on a static
solution of Euler’s elastica:
wam
½1 þ

00

3
ðwam Þ2 2
0

¼

Pðxf  xÞ
:
EI

(11)

Here, ( )0 is the derivative with respect to x, EI is the flexural
rigidity of the beam, and P(xf  x) is the bending moment of the
beam at a point x induced by the point shear force P. In experiments,
the cantilever is driven via sinusoidal base motion with linearly
increasing amplitude, so the initial conditions are zero; that is,
:
:
w(x,0) = w(x,0) = 0 so a(0) = a(0) = 0
(12)
The beam is cantilevered from the base, so its boundary conditions
are to have zero displacement (relative to the base) and zero slope at
the base end x = 0, and zero force and zero moment at the free end
x = L. Because the total motion of the beam is the weighted sum of
the base (rigid) motion and deformable motion, these conditions
are eﬀectively imposed on the deformable assumed mode wam(x):
wam(0) = wam 0 (0) = 0

and

EIwam 0 0 0 (L) = EIwam00 (L) = 0
(13)

We solve eqn (11) and (13) numerically to generate an assumed
shape wam(x), and again to solve eqn (10) and (12). Then, w(x0,t) is
the cantilever-drop interface location for an undeformed cantilever
(as shown in Fig. 4), and we apply the shooting method50 to find
the corresponding x-direction displacement of the cantilever-drop
interface, u(x0,t). The cantilever-drop interface location at any time
t is then given by xd = x0  auam and yd = awam + (Ai + Aratet)sin(Ot).
The drop’s center-of-mass (COM) sits a distance d from the
cantilever, which at the cantilever-drop interface makes an angle
w 0 (x0,t) with respect to the horizontal. The inertial force acting
on a rigid drop’s COM can be found from the cantilever motion
Fi = mdr̈,

4.2

Drop deformation damping

We compare an experimental cantilever track to one produced
from theory in Fig. 9 (Movie S4, ESI†). The shaker base begins at
rest and linearly increases to a 1 mm maximum amplitude.
The theoretical and experimental amplitudes deviate in the
earliest cycles due to transient eﬀects inside the shaker at
startup. After ejection, the experimental cantilever increases
amplitude due to lower mass, a reduction the theoretical curve
does not contain. Ejection time from the experiment is passed
to the model, and various values of the damping coeﬃcient c
are input into eqn (10) such that the amplitude of the two
tracks at the time of ejection is within 10%. By varying ye = 119–
1491 for a fixed x0, we find c E 0.1–0.52 kg s1 for pinch-off and
c E 0.02–0.19 for normal, as shown in Fig. 10a. No sliding
ejections were witnessed using this method of cantilever excitation.
The greater value of damping for pinch-off drops is supported by
the observation of increased sloshing prior to ejection via this
mode. As in Fig. 7a, the equilibrium contact angle at the
transition between the two modes is approximately 1381.
The force of ejection garnered by matching theoretical and
experimental tracks is shown in Fig. 10b. Not surprisingly,
pinch-oﬀ ejections occurring at lower contact angles require,
on average, greater inertial force. In this experiment, the
majority of normal ejections occur at accelerations below 10g,
while pinch-oﬀ ejections occur between 10–45g. From this
experiment we may conclude that lowering contact angle will
require greater base input for drying due to both higher
damping from drop sloshing and increased adhesion.

5 Discussion
From our experiments, we find the value of the fitting constant
kn E 2p is greater than ks E p, suggesting that inertial forces to
cause sliding are less than those required for normal-tosubstrate motion. The values of acceleration at ejection in
Table 1 likewise support this notion. It is thus surprising that
sliding ejections are seen relatively infrequently. We posit the
lack of sliding ejections can be explained by relative magnitudes

(14)

where r is the position vector of drop’s COM,
r(t) = (xd  d sin w 0 (x0,t))ı̂ + (yd + d cos w 0 (x0,t)) ĵ.

(15)

Detailed derivations of eqn (10), (11) and (15) are provided in
the ESI.†
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Fig. 9 Comparison of experimental and theoretical of cantilever deflection with a 1.8 mg drop of water vibrated at 85 Hz.
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Fig. 10 Plots of (a) damping coeﬃcient and (b) inertial force versus equilibrium contact angle, determined by a combination of experiments with water
and theory.

of normal and tangential forces generated by our cantilevers.
Sliding, for a fixed contact angle, occurs only at x0 4 7 mm for a
10 mm cantilever, as seen in Fig. 7c and d. At locations closest to
the tip, the cantilever experiences the greatest deflections w and
thus the greatest Fi,T. We expect longer cantilevers to exhibit
a greater number of sliding ejections. Shorter and thicker
cantilevers will favor normal ejections. The influence of a greater
range of base frequency and amplitude on ejection behavior
remains an area for future work, as is the selection of base
kinematics to minimize the energetic costs of drying. Shorter,
softer cantilevers more closely mimicking mosquito wings, for
example, will likely dry most eﬃcaciously at higher frequencies.
The factor ks E p in eqn (2) matches that of an ultrasonically
vibrated surface,1 demonstrating the universality in drop sliding.
Though not reported, we expect ks E p for sliding drops in shear
flow.7 Shear flow may also produce pinch-oﬀ drops when the
capillary number Ca = msg_ R/s \ 0.1, where the shearing gas has a
viscosity ms, and shears the drops at a rate of g_ . We occasionally
witness a very similar scenario in our system, where the drop
begins a slide when Fad,T is dominant, but halts contact line
movement and finishes as a pinch-oﬀ ejection. In our system,
Ca r 0.0002, which is determined by using a maximum cantilever ejection velocity of 0.9 m s1 returned from the model of
Section 4.1. Such a low value of Ca indicates the eﬀects of the
surrounding gas on ejection are negligible.
The magnitude of drop sloshing and its associated damping
is a function of drop viscosity. Viscous eﬀects dissipate energy,
so one might expect more viscous drops to impose greater
damping on cantilever motion. This is perhaps true to a point
where increasing viscosity lessens damping by limiting the
drops’ ability to deform. Such an inflection in damping behavior
will depend on cantilever kinematics such as amplitude,
frequency, and modal shape. Damping across a range of viscosity
is an area for future work.
In this study we identify three ejection modes that have
analogous behaviors in a nearly reversed scenario, drops
impacting freely supported objects.51 When a freely supported
object is struck by a falling drop of the same order in size, the
drop may (1) push the object, remaining intact, (2) coat the
object, or (3) splash. The occurrence of these ‘impact modes’
for water is determined by the ratio of drop-to-target mass,
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and drop-to-target radius. A push is analogous to normal-tosubstrate ejection. The drop can deform but experiences little
contact line motion. A coat is most analogous to sliding, as
both drops remain intact but experience extensive advancing
and receding contact line motion. Finally, splashing and pinchoﬀ both experience inertial forces overcoming surface forces to
inflict drop fragmentation.
Our model in Section 4.1 is an example of a transient
response of forced spring mass damper systems with base
excitation. Traditional studies of cantilever motion fix the base,
and employ finite diﬀerence52,53 and finite element54–56 methods.
Using an assumed mode construction we are able to replicate the
cantilever displacement in terms of an assumed static deflection
shape and a rigid body displacement mode. This approach is
mandated by the complexity of predicting cantilever shape with a
translating base, producing highly nonlinear behavior. Although
our model does not incorporate two-phase behavior, it sets a
foundation by which future researchers can investigate substrate
motion with time-dependent inertial loading by fluids.

6 Conclusion
In this study, we identify three ejection modes for singular
drops from elastic, millimetric scale cantilevers with an excited
base, and classify these ejections as sliding, normal-to-substrate,
and pinch-oﬀ. The occurrence of a particular ejection mode
depends on drop properties, cantilever motion, and cantilever
wetting properties. Drops slide from the cantilever tip for equilibrium contact angles above approximately 1351 and when the
tangential component of the inertial force exceeds adhesion
forces resisting sliding, requiring cantilever deflection angles
greater than 181. Normal-to-substrate ejection also occurs for
equilibrium contact angles above approximately 1351, but favors
smaller cantilever deflection. During pinch-oﬀ, a portion of the
adhered drop is flung from the cantilever while another portion
is left attached. The magnitude of ejected mass from pinch-oﬀ
ejections is well-predicted by a modification to Tate’s Law. Below
an equilibrium contact angle of approximately 1351, pinch-oﬀ
is the only possible ejection mode in our system. A dynamic
model of beam motion derived from elastica theory permits the

This journal is © The Royal Society of Chemistry 2020
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quantification of drop damping on system motion. Lower
equilibrium contact angles producing pinch-oﬀ ejection experience greater damping by drops than those in the normal-tosubstrate ejection regime.
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