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In this experimental study, we introduce methods to characterize drop oscillation and
shape using a two-camera setup inspired by two-dimensional video disdrometers. The
two cameras maintain close proximity to the levitating drop, enabling high-fidelity three-
dimensional reconstruction of drop orientation and dynamics. The prevailing drop shadow
in each camera view is extracted to determine a time-averaged characteristic shape, from
which a volume-equivalent characteristic diameter D0 is obtained via disk integration.
We find strong agreement between our measured D0 and established models of axis
ratio and equilibrium drop shape. A frequency analysis along the drop shadow perimeter
reveals the presence of three dominant modes, i.e., axisymmetric (2, 0), horizontal (2, 2),
and transverse (2, 1), with the axisymmetric mode the most prominent and resilient to
noise. We define a nondimensional total oscillation amplitude which enables comparison
of oscillation intensities across drop conditions. The addition of nanoparticles increases
interfacial tension and, at low concentrations (<0.5% m/m), promotes deformation through
heterogeneous distributions and interfacial instabilities. These effects enhance canting am-
plitude, canting angular velocity, and results in an unsteady orientation, sometimes leading
to a full circulation of the drop. Beyond a nanoparticle saturation concentration (NSC) of
approximately 0.5% m/m, surface-bound nanoparticles stabilize the drop, reducing canting
and total oscillation amplitude. The presence of surfactant increases the NSC by capturing
surface particles into micelles, delaying interfacial saturation. These findings offer different
tools and insights for characterizing complex oscillation dynamics in levitated multiphase
drops, with implications for raindrop physics and fluid-interface studies. Our work is an
experimental validation of all the accumulated theoretical work on raindrop studies since
1879.

DOI: 10.1103/s7rj-swb3

I. INTRODUCTION

Observing hydrometeor behavior allows researchers to investigate the mechanisms behind cloud
condensation [1], aerosol capture [2], and precipitation formation [3,4], which are essential for
accurate weather forecasting [5,6]. Instruments such as radar [7–9] and satellite [10] sensors rely on
precise measurements of hydrometeor properties such as size, shape, and state to detect the type and
determine the intensity of precipitation using empirical models [11–13]. Hydrometeors are rarely
pure, often containing aerosol impurities such as hydrocarbons [14], industrial surfactants [15],
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and biological agents [16]. Impurities enter raindrops during in-cloud nucleation and below-cloud
scavenging.

Because impurities strongly influence hydrometeor microphysics and cloud-precipitation dy-
namics, it is critical to understand the mechanisms through which aerosols are incorporated into
raindrops. Atmospheric aerosols of diameter >50 nm can undergo in-cloud scavenging (ICS) by
acting as cloud condensation nuclei (CCN) [1,17]. Smaller particles do not typically participate in
ICS and amalgamate to form larger particles before acting as CCN [18,19]. Below-cloud scavenging
(BCS) is the process of aerosol uptake by falling raindrops, typically driven by Brownian diffusion,
impaction, and interception [17,20–23]. Particles experiencing BCS range broadly in size (10–2500
nm), making BCS especially important in the capture of finer nanoparticles. Aerosols can be water
soluble or insoluble [24,25]. Certain water-soluble species such as ionic salts increase the surface
tension of the solution [26,27]. Insoluble aerosols range from sand to carbon to heavy metals.
However, the effects of insoluble particles on raindrop behavior once incorporated remain largely
unknown. To address this gap, we use silicon dioxide, a common atmospheric aerosol [28], as a
representative insoluble particle to examine its influence on raindrop microphysics.

Soluble species can take the form of various salts and surfactants, lowering surface tension.
Sea spray is a primary source for aerosolized salt, while surfactants [29] originate from industrial
byproducts, fossil fuel emissions [30], and natural secretion by aquatic plants [31,32]. Surfactants
contain both a hydrophobic and hydrophilic component and can be cationic, anionic, or non-ionic
[33]. Surfactants typically act at the fluid interface [34], decreasing cohesive forces between
molecules and thereby reducing surface tension. At sufficiently high concentration, surfactants
interfere with nanoparticles in the fluid medium, forming micelles [35].

Falling raindrops are subjected to the force of gravity, internal circulation, and aerodynamic
drag. The drag force on a raindrop Fd is proportional to a coefficient of drag Cd: Fd = 0.5ρaV 2ACd,
where ρa is air density, V is terminal velocity, and A is the cross-sectional area in contact with the
direction of airflow [36]. For distilled water drops less than 1 mm in diameter, the Cd of a raindrop
can be approximated to that of a rigid sphere [5,37]. At diameters >1 mm, Cd typically increases
beyond that of rigid spheres due to the flattening of the fluid under the influence of aerodynamic
drag [5,6]. Further retention or deviation of spherical drop shape can be attributed to surface tension
and internal circulation—both properties modified by nanoparticle [38] and surfactant impurities
[6]. Because terminal velocity arises when gravitational and drag forces are balanced, vertical wind
tunnels provide a controlled means of replicating these conditions by counteracting gravity with
upward airflow, enabling stable drop levitation. The effects of surfactant on the behavior of levitating
drops have been studied in vertical wind tunnels, with the reduction in surface tension resulting in
reduced internal circulation, reduced oscillation, and increased flattening of the drop [6,39]. The
effect of nanoparticles on the behavior of levitating drops is, to our knowledge, absent from the
literature despite the relevance of nanoparticles and surfactants in both environmental and industrial
applications.

Vertical wind tunnel designs have gradually evolved to enable suspension of progressively larger
drops. Early tunnels were limited to small drops (<0.5 mm), which could be stabilized near the
tunnel center [40]. The University of California Los Angeles (UCLA) cloud tunnel extended these
capabilities to drops in the typical raindrop size range (0.2–6 mm) [41,42]. Experiments in this
facility revealed that larger drops exhibited a linear decrease in resistance to lateral deformation [12],
whereas smaller drops remained comparatively stable. In addition, drops displayed well-developed
internal circulation consistent with external flow patterns [12]. Using snapshot imaging, researchers
are able to document deformation, nucleation, and oscillatory behavior.

Beard and Kubesh (1991) describe drop oscillation as modes composed of spherical harmonic
perturbations, with frequencies dependent on order n [43]. Oscillations allow for degenerate modes
m = n + 1. The notation (n, m) has been used to describe distinct oscillation modes [5,39,43–45].
Drops greater than a threshold diameter (>1 mm) are shown to primarily oscillate at three oscil-
lation modes: axisymmetric (n = 2, m = 0), horizontal (2,2), and transverse (2,1) [43], each with
a unique spatial residence in two dimensions (2D). This threshold arises as the aerodynamic force
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and liquid weight that deform the drop exceed the surface tension that stabilizes the spherical shape
of the drop, making the drop shape flattened and deviating from a liquid sphere [6]. Higher-order
oscillation modes, such as n = 3, have been previously thought to be nearly undetectable past this
threshold where the n = 2 mode dominates [5]. As surface tension is dependent on drop composition
[6], this threshold is also flexible. The axisymmetric mode consists of drop oscillations about
the vertical axis, the horizontal mode is usually lower frequency and occurs along the horizontal
axis, and the transverse mode is defined by high-frequency oscillations at an inclination angle of
±45◦ from the horizontal axis. More recently, these theoretical results have been reproduced at the
Mainz vertical wind tunnel [5,44]. Novel techniques, such as analyzing the beating response of
axisymmetric oscillations over time, provided experimental validation of the predicted oscillation
modes [39]. Drops containing surfactants, which reduce surface tension, were also examined and
found to undergo greater deformation and lower oscillation frequencies [39].

In this work, we investigate the influence of varying concentrations of nanoparticles and surfac-
tant on hydrometeor behavior. Nanoparticle concentrations of 0.1%, 0.5%, and 1% silicon dioxide
are employed. The concentrations we investigate are greater than those typically encountered in
the atmosphere. The concentration of silicon dioxide nanoparticles in atmospheric precipitation has
not been widely explored, to our knowledge, but we surmise the concentrations of nanoparticles in
raindrops are orders of magnitude lower than those we test here. The estimated concentration of
silicon dioxide nanoparticles in surface water is relatively low (7 × 10−11%) [46] and may be used
as a lower estimate. Higher concentrations are found in urban and industrial centers [47,48] in excess
of ∼3 times those in rural counterparts, a likely consequence of industrial processes that exacerbate
levels of atmospheric nanoparticles [49]. Products containing silicon dioxide nanoparticles such as
household cleaning products and spray coatings host a greater concentration and can vary widely
depending on the application. For instance, certain window cleaning agents may have concentrations
of ≈0.09–0.3% [50], whereas the levels in food and paint coatings may reach 2% [51,52]. Nanofluid
studies routinely employ similar or higher nanoparticle loadings to magnify changes in bulk and
interfacial properties, such as viscosity, thermal conductivity, and stability (e.g., Yalçın et al. found
up to 3% silicon dioxide [53] and Rejvani et al. found up to 1.5% silicon dioxide [54]). Elevated
concentrations of nanoparticles allow us to probe the limits of nanoparticle-drop interactions and
identify behaviors that might remain undetectable at lower ambient levels. Moreover, elevated
nanoparticle concentrations serve as analogues for artificial applications such as cloud seeding and
industrial sprays, where local aerosol densities can exceed ambient levels by orders of magnitude
[55,56]. Simulations of artificial seeding have shown aerosol concentrations in seeded plumes
in the range ∼1–1.8 × 104 cm−3 [57], far above typical background aerosol concentrations of
≈750 cm−3 in polluted air [58]. Our concentration regime balances experimental sensitivity with
applied relevance, allowing us to explore extreme hydrometeor-nanoparticle dynamics that lie at the
intersection of theory and practice.

A relatively well-studied industrial surfactant (Triton X-100) is introduced at a constant con-
centration (0.02%) to reduce surface tension in both distilled water and nanofluid drops. Drops are
levitated in a vertical wind tunnel across a diameter range (D0 ≈ 1–7 mm) and their deformation,
oscillation, and stability characteristics are analyzed.

II. METHODS

A. Vertical wind tunnel design

A schematic of our vertical wind tunnel is shown in Fig. 1. An 8-inch duct fan pushes air through
a 0.05-µm HEPA filter and two layers of 0.5-in honeycomb laminarizers with 0.125-in cells. The
laminarized flow exits the honeycomb and is contracted. The resulting velocity into the viewing
section is ≈10 m/s and variable based on fan speed. The half width f of the square contraction
in centimeters is defined by f (y) = −1.2 × 10−7y6 + 8.9 × 10−6y5 − 1.7 × 10−4y4 + 15, where y
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FIG. 1. Schematic of the experimental setup. Two synchronized high-speed cameras record a video of
the drop levitating in the vertical wind tunnel. The router ensures synchronization of the two cameras which
can simultaneously be viewed in a computer. The voltage source is used to control the airflow from the fan,
measured by an anemometer at the exit. Blue arrows indicate the direction of airflow in the tunnel.

(cm) is the axial dimension of the contraction and y = 0 corresponds to the contraction inlet, the
same contraction chamber profile used in a previous study [59].

The cross-sectional area of the observation chamber linearly increases from inlet (120 ×
120 mm) to outlet (120 × 150 mm), 70 cm downstream, at an area ratio of 1.25, resulting in a vertical
velocity gradient—heavier drops will levitate lower in the observation chamber at fixed fan speed.
A crosswire at the inlet of the observation chamber formed by eight 80-µm-diameter wires creates a
radial velocity gradient that stabilizes levitating drops at the center of the wind tunnel cross section
[60]. Vorticity and turbulence intensity is calculated using SOLIDWORKS [61] flow simulations at
273 K, inlet velocity 8 m/s, and pressure 101.32 kPa. The velocity well retains similarity across the
tunnel span (l) traveling axially away from the crosswire (h), as shown in Fig. 2(a). Vorticity is very
low in the tunnel core and largest in the nominally laminar boundary layer, as shown in Fig. 2(b).
Fan speed is modulated by an Itech IT-M7721 variable AC voltage source and windspeed measured
by a Koselig HT-9830 anemometer. The flow speed U is calculated by correcting anemometer
readings according to the stable drop levitation volume in view of our cameras. Tunnel velocity
measurements are triplicated, with an average standard deviation in flow speed of ±0.070 m/s.
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FIG. 2. (a) Velocity and (b) vorticity maps of simulations along the height h and width l of our vertical
wind tunnel. The inlet velocity is 8 m/s.

Drops are released from straight-cut needles placed normal to the air flow above the wind tunnel.
We use three different needles with internal diameters 1.6, 1.19, and 0.84 mm.

Drop analysis is typically done for (10−1 − 1) s windows because the high frequency of drop
oscillation permits brief times. However, these short analysis durations are not representative of
the tunnel’s capability to levitate drops for many minutes. In practice, the limiting factor for drop
levitation time is drop evaporation, rather than instability in drop position. In principle, the vertical
velocity gradient and radial centering flow permit indefinite levitation until complete vaporization.
In practice, we are limited by the size of the wires generating the velocity well to a drop diameter
of �2.5 mm.

Such a capability to observe drops for multiple minutes sharply contrasts with high-speed optical
disdrometers and 2D video disdrometer systems, which observe freely falling drops for O(10)
milliseconds as they pass through an observation volume [62]. As a result, disdrometer-based
measurements necessarily capture much shorter snapshots of drop dynamics than our tunnel. After
release from the injection needle, drops typically require less than one second to reach a steady
equilibrium position within the chamber. All high-speed imaging, measurements, and analyses
presented in this work are performed multiple seconds after this transient period. As a result, all
reported measurements are independent of the transient effects associated with drop injection and
the establishment of stasis in the tunnel, a point we justify further below. The small vertical position
jitter observed in Fig. 3 reflects low-amplitude fluctuations about an equilibrium levitation position.

B. Preparation of fluids

Eight liquid solutions with varying volumetric concentrations of silicon dioxide and Triton
X-100 surfactant were prepared as listed in Table I. Nanoparticles may be adequately dispersed
to prevent coagulation in a liquid medium by magnetic stirring at ≈400–800 rpm followed by
sonification for 30–60 mins [63,64]. Nanoparticles and silicon dioxide, in particular, amalgamate
in a time span ranging from minutes to days depending on base fluid, temperature, and particle
size [65]. Nanoparticles are prone to amalgamation in both environmental sources in static and
dynamic water [66], as well as in industrial sources such as paint [11]. We seek to mimic the
incomplete nanoparticle dispersion that would be seen in such sources to investigate influences
on drop properties such as oscillation. Thus, fluid solutions were mixed with a magnetic stir for at
least 90 min at 340 rpm, then sonicated for 32 min. All experiments were done within 24 h after the
solution has been made—with fluid solutions kept in a magnetic stir at 340 rpm during storage.
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FIG. 3. 3D tracking of the drop using two synchronized cameras. (a) Two orthogonal and synchronized
high-speed cameras 1 and 2 record a video of the drop levitating in the vertical wind tunnel. (b) 2D tracking of
the drop from each side camera. (c) 3D tracking of the drop using the 2D plots in (b).

C. 3D tracking with two cameras

Two synchronized, orthogonally placed Photron Nova S6 high-speed cameras record videos of
a levitating drop (N = 72) at 2000 fps and resolutions 10.70 ± 0.07 pxl/mm for Camera 1 and
10.35 ± 0.05 pxl/mm for Camera 2, as shown in Figs. 1 and 3(a). Experimental drops have Reynolds
number Re = ρaUD0/μa = 1803–4102, Weber number We = ρaU 2D0/σ = 4184–11 477, and
Bond number Bo = U/

√
gD0 = 2.1–10.9, where σ is surface tension and g is the acceleration of

gravity. Resolutions for each camera are a mean of the calculated resolution (N = 8) of centimeter

TABLE I. Experimental fluids. N = 3 for surface tension measurements and N = 10 for viscosity
measurements.

Description Surface tension [mN/m] Viscosity [mPa s]

Distilled water 69.8 ± 1.1 1.131 ± 0.004
0.02% Triton X-100 30.9 ± 1.5 1.136 ± 0.004
1% SiO2 77.1 ± 2.4 1.174 ± 0.003
1% SiO2, 0.02% Triton X-100 33.5 ± 3.0 1.179 ± 0.005
0.5% SiO2 72.9 ± 4.0 1.164 ± 0.005
0.5% SiO2, 0.02% Triton X-100 31.7 ± 2.3 1.183 ± 0.004
0.1% SiO2 65.0 ± 1.0 1.138 ± 0.005
0.1% SiO2, 0.02% Triton X-100 28.4 ± 3.6 1.147 ± 0.005
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markings along a vertically suspended metric ruler at both the closest and farthest locations in the
observation window relative to each camera. Two light panels across each camera backlight the
levitating drop. Each camera is used to perform a 2D track of the drop, as shown in Fig. 3(b).

Such a conformation is inspired by in situ two-dimensional video distrometers (2DVD), used
in estimating precipitation rate, distribution of drop sizes, and individual drop terminal velocities
under low-wind conditions [67]. In our setup, where the drops remain very close to the center and
the cameras are placed at a focal length to the sample drop, the distortion along each viewing plane
is negligible (<1%). The NIKKOR 24–120 mm f/4G ED VR lens extensions on the cameras are
placed ≈543 mm away from the center of the observation chamber. Given a 0.020 mm circle of
confusion, a focus 543 mm away retrieves a maximum depth of field of 490 mm. The far and near
limits are 889 and 391 mm away from the cameras, respectively. From our vertical wind tunnel
geometry, the maximum distance a drop may travel in the anteroposterior axis is 150 mm, well
within the maximum depth of field of 490 mm.

Drops are detected using adaptive threshold binarization. For videos lacking sufficient contrast,
Otsu’s method and noise reduction techniques such as Wiener’s method are performed [68]. The
synchronized 2D data of the sample drop from each viewing plane can be used to track the position
of the drop in 3D, as shown in Fig. 3(c).

D. Measurements

The flattening of hydrometeors under the influence of gravity and aerodynamic drag results in an
disklike shape [5,6,13]. Deviations from such a shape result in an overestimate of the drop volume.
Previous wind tunnel studies characterize drop volume by calculating the diameter of a sphere, with
volume corresponding to the measured mass of the drop [5,39]. We assume radial symmetry and use
the binarized drop shadow in the two viewing planes to reconstruct a volume via disk integration.
A spherical equivalent diameter is calculated from the volume and time averaged as the volume
equivalent diameter Dv, averaged across the two cameras. The volume is calculated from the area
projections by assuming radial symmetry in each camera. We also provide another estimate of the
spherical equivalent diameter calculated from the area and time averaged as the surface equivalent
diameter Da, averaged from the two cameras. While the shape of the drop is generally described as
a disk, a disk cannot capture the changing shapes of the drop through time.

We form an aggregate heatmap image of the drop from its shadow as viewed in one camera
through time, shown in Fig. 4(a) (see Movie S1 in the Supplemental Material [69]). Brighter
regions indicate a greater degree of spatial residence. The average number of active pixels across
all frames is recorded as N . The aggregate shape image, represented by the matrix I0, is trimmed
to a binarized characteristic shape image I = 1(I0 � k), where k denotes the value of the N th
largest pixel intensity. The resulting characteristic shape is shown in Fig. 4(b) (see Movie S1 in the
Supplemental Material [69]). The characteristic shape presents average geometrical measurements
relating to the drop shape and orientation, such as the ratio of the longest vertical chord to the
longest horizontal chord or “axis ratio” α and the canting angle θ of the longest chord within the
drop shadow with respect to the horizontal, as shown in Fig. 4(c). In our experiments, we find that
the quantities derived from the characteristic shape are nearly equal to the time-averaged quantities
of the levitating drop. For example, the time-averaged axis ratio of the levitating drop is plotted
against the axis ratio of the characteristic shape with a nearly identical correspondence, as shown
in Fig. 4(d). Thus, the characteristic shape represents the equilibrium drop shape and is robust to
binarization challenges due to light refraction as the drops oscillate. Using the characteristic shape,
we determine the major and minor axis, horizontal and vertical axes, and the equivalent diameter
viewed in Camera 1 and Camera 2. The major and minor axes are defined as the corresponding axes
of an ellipse that has the same normalized second central moments as the drop projection onto the
viewing plane. The horizontal axis is the length of the maximum horizontal chord along the drop
shadow and the vertical axis is the length of the maximum vertical chord along the drop shadow. A
list of measurements obtained from our drop levitation experiments is provided in Table II.
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FIG. 4. (a) Aggregate shape of a drop levitating for 2 s. (b) Characteristic shape resulting from the aggregate
shape in (a). (c) Calculating the axis ratio α and canting angle θ with respect to the horizontal axis. (d) The
axis ratio of the characteristic shape α0 is plotted against the time-averaged axis ratio over time α; the average
standard deviation across trials, taken across all frames for each trial, is 0.08 ± 0.03 for α.

While falling drops are highly dynamic, it is possible to mathematically define a static, equi-
librium drop shape, which preserves drop volume while balancing internal hydrostatic pressure
with external aerodynamic pressure. The most prominent equilibrium drop shape model is that of
Beard and Chuang [70]. Wind tunnel studies of drops with reduced surface tension support the
Beard and Chuang model by comparing model shapes with shadow graphs of levitating drops [39].
Establishing an equilibrium drop shape permits the representation of a drop devoid of oscillation,
and time-averaged measurements of a drop, such as axis ratio, also remove such oscillations. We
aim to derive the equilibrium drop shape from still frames of the oscillating drop.

Drop shape is quantified with equal volume spherical diameters. Four such diameters are derived
based on drop area Da, estimated single-camera volume Dv, estimated dual-camera volume De,
and the characteristic shape D0. Unlike the characteristic shape diameter D0, the area equivalent
Da, volume equivalent diameter Dv, and elliptical equivariant diameter De are determined for each
individual still frame. The average of all frames is the diameter of the recorded drop and is denoted
by a bar accent �.

The area equivariant diameter Da is derived from the equal volume circle of the drop shadow.
The volume equivalent diameter Dv is derived from the equal volume sphere of the disk, i.e., the
integrated drop shadow along its vertical axis. Both methods are averaged across all frames in the
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TABLE II. Nomenclature.

Measurement Definition

Vertical axis (a1) Maximum continuous distance from the topmost to the
bottommost point on the drop along a constant ordinate value as
viewed on a camera plane

Horizontal axis (a2) Maximum continuous distance from the leftmost to the rightmost
point on the droplet along the horizontal axis

Axis ratio (α) Instantaneous ratio of horizontal axis to vertical axis
Characteristic axis ratio (α0) Ratio of horizontal axis to vertical axis on the characteristic shape

averaged between Camera 1 and Camera 2
Minor axis (A1) Minor axis of the ellipse that has the same normalized second

central moments as drop projection onto the viewing plane
Major axis (A2) Major axis of the ellipse that has the same normalized second

central moments as droplet projection onto the viewing plane
Modified axis ratio (α∗) Ratio of major axis to minor axis
Area equivalent diameter (Da ) Diameter of circle with same area as the drop shadow
Volume equivalent diameter (Dv) Diameter of a sphere with the same volume as the cylindrical

integration of the drop shadow
Elliptical equivariant diameter (De ) Diameter of a sphere with the same volume as the elliptical

integration of the drop shadow with horizontal lengths from
Camera 1 and Camera 2 acting as chords on the ellipse

Characteristic shape equivalent
diameter (D0)

Diameter of a sphere with same volume as the cylindrical
integration of the characteristic drop shadow; averaged between
Camera 1 and Camera 2

Drop terminal velocity (U ) Speed of the wind tunnel airflow during drop levitation as
measured by the anemometer at the center of the wind tunnel exit

Canting angle (β ) Instantaneous canting angle
Surface tension (σ ) Liquid surface tension
Nanoparticle concentration (C) Nanoparticle concentration (% m/m)
Time average (�) Bar accent indicates a time-averaged quantity
Nondimensionalized oscillation
amplitude (Ăx)

The subscript indicates the mode of oscillation: A for
axisymmetric, H for horizontal, and n = 3 for higher-order modes

Nondimensionalized total
oscillation amplitude (Ă)

Sum of ĂA, ĂH, and Ăn=3

trial and between the two cameras to produce Da and Dv to represent the equilibrium drop diameter.
The elliptical equivariant diameter De is derived from an equal volume sphere of the sum of single-
pixel-thick elliptical prisms with chord lengths from both camera views. De may also be averaged
over across all frames to produce De.

The characteristic drop shape provides an approximation to the equilibrium drop shape and can
provide drop measurements from a single image. Thus, an agreeable approximation of the diameter
from the characteristic shape supports its use as a representation of the equilibrium drop shape.
The volume of the characteristic drop is approximated as V0 = π

∫ y1

y0
[r(y)]2dy, where r is half

the length of active pixels along the horizontal axis of the drop at a given vertical coordinate y.
The vertical axis is denoted by y, with y0 and y1 as the lower and upper coordinates of the drop,
respectively. Computationally, the volume is the sum V0 = hπ

∑y1
i=y0

ri, where h is the height of
a pixel. The characteristic drop diameter D0 corresponds to a sphere of volume V0. We estimate
that binarization of the drop shadow is uncertain by one pixel, or �r = 0.1 mm, in ri. And so,
the maximum uncertainty in volume for each row is 2πri�r. Considering the worst-case scenario
of a spherical drop provide the maximum number of uncertain pixel rows, the uncertainty in
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FIG. 5. (a)–(c) Purple dashed lines denote an empirical model (α = 1.030–0.062D) of axis ratio in terms
of diameter from Beard et al. [71]. (a) Characteristic axis ratio α0 plotted against time-averaged area equivalent
diameter Da (r = 0.95); the average standard deviation across trials, taken across all frames for each trial, is
0.15 ± 0.11 mm for Da. (b) Characteristic axis ratio α0 plotted against characteristic diameter D0 (r = 0.95).
(c) Characteristic axis ratio α0 plotted against time-averaged volume diameter Dv (r = 0.95); the average
standard deviation across trials, taken across all frames for each trial, is 0.10 ± 0.10 for α. (d) Characteristic
diameter D0 plotted against time-averaged volume diameter Dv (r = 0.995) with y = x curve in purple.

volume if each row were suffering the same error is �V0 ≈ πD2
0�r, which is the shell of the

sphere, at one-pixel thick. The percentage error in the drop volume in this worst-case scenario is
�V0/V0 ≈ 6�r/D0. For our smallest 3.5-mm-diameter drops, �V0/V0 < 17.1% and decreases for
larger drops. Since D0 = (6V0/π )1/3, the corresponding error in diameter for the 3.5-mm-diameter
drop is �D0/D0 ≈ �V0/3V0 = 5.7%. Larger drops are more prone to self-occlusion during defor-
mation [71,72], an error we minimize by time averaging drop volume and characteristic shape.

Our results are consistent with a well-established empirical model published by Beard et al.
[71], denoted by a purple line in Fig. 5: α = 1.030–0.062D, where α is the time-averaged axis
ratio and D is the equivalent diameter of the drop in millimeters. Darker colors denote higher
nanoparticle concentrations. Filled circles (•) denote surfactant-laden drops, whereas unfilled circles
(◦) denote drops without surfactant. The characteristic axis ratio α0, the ratio of the maximum
vertical to maximum horizontal chord of the characteristic shape, is plotted against the calculated
drop diameters in Figs. 5(a)–5(c).

All three calculation methods shown in Figs. 5(a)–5(c) have Pearson’s correlation coefficients
r = 0.95 for nonsurfactant drops. Our data are also consistent with the older well-established model
published by Andasager et al. [72]. The fact that we can calculate the drop diameter using three
different methods that align well with published models gives us confidence that our drop volume
estimates are correct. Furthermore, the fact that D0 ≈ Da (r = 0.96, R2 = 0.92) and D0 ≈ Dv
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(r ≈ 1, R2 = 0.99), as shown in Fig. 5(d), validates the characteristic shape as a good baseline
for time-averaged geometrical measurements of the levitating drop. The characteristic diameter
demonstrates robustness against deviations arising from rogue pixels and is therefore adopted as
our preferred metric for drop size estimation. Assuming radial symmetry in its computation yields
diameter estimates that exhibit strong agreement with empirical models. In contrast, the asymmetric
volume-equivalent diameters De tend to underestimate the model predictions, with the discrepancy
increasing for larger drops, as discussed in Sec. 1 of the Supplemental Material [69]. A plot of
α0 against the volume-equivalent diameter calculated using the elliptical volume integration De is
shown in Fig. S1a, and Dv − De is plotted against the drop size in Fig. S1b in the Supplemental
Material [69].

The “characteristic shape” that we define in Sec. II D, our attempt at a static drop representation,
is in good agreement with time-averaged diameter Dv, as shown in Fig. 5(d). Characteristic drop
shapes obtained through binarization (white) well match the equilibrium shapes calculated by the
Beard and Chuang model (black outline), shown in Fig. 6(a) for distilled water. Surfactant flattens
the drop slightly beyond the model prediction, as shown in Fig. 6(b). In contrast, the addition of
nanoparticles does not deviate the characteristic shape from the equilibrium shape, as shown in
Fig. 6(c). Measurements of axis ratio α0 quantify and support the observed distortion along the
drop in Fig. 5(b). We thus demonstrate that an image that well characterizes the “equilibrium” or
“characteristic” form of a drop can be realized with simple image aggregation.

III. RESULTS AND DISCUSSION

Drops in our vertical wind tunnel experience a radial velocity gradient and a vertical velocity
gradient. The radial velocity gradient imposes greater flow at the drop edges than at the center,
whereas the vertical velocity gradient imposes greater air velocity at the bottom of the wind tunnel.
The radial gradient centers the drop within the tunnel cross section, whereas the vertical velocity
gradient allows the drop to find vertical equilibrium or a zone thereof.

A. Nanoparticles do not alter drop shape

The drag coefficient [73] is

Cd = 2
mg

ρaU 2S
, (1)

where S is the projected surface area exposed to the ascending airflow, ρa is the density of air, g
gravitational acceleration, and U is the terminal velocity of the drop. Mass m is determined from
the density of the liquid drop and the estimated volume of the drop from disk integration of the
characteristic shape. We have shown that D0 follows the theoretical curves from previous published
works in Sec. II D. Thus, the volume calculated from D0 is approximately equal to the volume using
disk integration, which may be used to calculate mass. Area S is calculated as the circular area of a
diameter equal to the chord corresponding to the average horizontal axis of the characteristic shape
in each camera view. A plot of the weight of the drop mg versus ρaU 2S is shown in Fig. 7(a), where
Cd is proportional to the slope.

The coefficient of drag is a function of the Reynolds number Re = ρaUD0/μ, where μ is the
dynamic viscosity of air. The calculated Cd of our levitating drops (3–8 mm) is plotted against
Re = 1803–4102 in Fig. 7(b). Filled circles (•) denote surfactant-laden drops, whereas unfilled
circles (◦) denote drops without surfactant. Redder hues indicate increasing axis ratio. Cd of
raindrops increases with Re. Such an increase in Cd is in contrast to that of rigid spheres in the
same diameter range, which decrease with Re. Goossens summarizes previously published models
for the Cd of rigid spheres [74], which we include in Fig. 7(b). In the limit of α0 → 1, the drop
approaches a spherical shape and Cd approaches the predicted values for a rigid sphere. In the limit
of Re � 1000, the Cd of rigid spheres approach a constant value [75]. The relationship between
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(a) (b) (c)

(d)

FIG. 6. Equilibrium drop parametrization for a pure water drop (D0 = 4 mm) overlaid with the character-
istic shape of (a) distilled water drop, (b) surfactant drop, and (c) nanoparticle drop (C = 1% m/m), and (d)
time-averaged volume based on cylindrical integration V v is plotted against the volume of the characteristic
shape D3

0π/6. The average standard deviation across trials, taken across all frames for each trial, is 4.57 ± 7.17
mm3 for V v.

Cd and Re is approximately linear with Cd = 0.00011 Re +0.20 (Pearson correlation coefficient
r = 0.93) for drops without surfactant, consistent with the findings observed by Gunn and Kinzer
for distilled water drops [37,76]. The addition of surfactant reduces the surface tension, allowing
the drop to become flatter under the influence of aerodynamic drag, resulting in an increased
Cd = 0.0001 Re +0.32 (r = 0.73), as shown in Fig. 6(b). Surfactant increases the y intercept for
the Cd linear fit, but the rate of change of Cd with respect to Re does not change when compared
with drops without surfactant. Performing levitation experiments of distilled water drops with
different levels of surfactant concentration will allow future researchers to obtain a relationship
between the y intercept of Cd versus Re line and the surfactant concentration. Such a relationship is
essential for improving drag models of contaminated or surfactant-laden drops, which are common
in atmospheric and industrial aerosols [29–31]. Because nanoparticles do not alter the drop shape
as discussed above, Cd is independent of nanoparticle concentration.
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FIG. 7. (a) Weight of the drop mg plotted against ρaU 2S (r = 0.997, 0.99) so that the slope of the lines
is proportional to the coefficient of drag. (b) Coefficient of drag Cd plotted against Reynolds number Re (r =
0.93, 0.73). Empirical models for the coefficient of drag for spheres are shown as colored lines. (c) Ratio of Cd

to the coefficient of drag for a solid sphere Cd0 plotted against Re (r = 0.94, 0.80). (d) Characteristic diameter
D0 plotted against Re (r = 0.99, 0.98). Lines are fitted using least-squares regression.

The ratio of Cd to the predicted coefficient of drag of a rigid sphere of the same size Cd0 is
plotted against Re in Fig. 7(c). The color gradient is based on the drop diameter D0 instead of the
characteristic axis ratio α0. For the calculation of Cd/Cd0, we use a published model by Terfous
et al.,

Cd0 = 2.6689 + 21.683/ Re +0.131/ Re2 −10.616/ Re0.1 +12.216/ Re0.2 . (2)

Because the drop size and shape determine the terminal velocity of a levitating drop, we achieve
lower experimental values of Re by decreasing the drop size and adjusting the tunnel accordingly.
As drop size increases, the ratio Cd/Cd0 increases. We perform a least-squares linear regression
to determine the value of Re from Fig. 7(c) and D0 from a linear fit of D0 vs Re where the
drops achieve a perfectly spherical shape with α0 = 1 and Cd/Cd0 → 1. The linear relationship
between D0 and Re is shown in Fig. 7(d) with curves D0 = 0.00165Re − 0.00129 for drops without
surfactant and D0 = 0.00177Re + 0.27335 for drops with surfactant (Pearson correlation coefficient
r = 0.99 for both curves). As expected, surfactant increases D0 for a given Re as the flatter shape
of surfactant-laden drops allows for a greater surface area exposed to drag, resulting in greater
lift force. Thus, drops with surfactant contain more volume at a lower terminal velocity compared
with their counterparts that do not have surfactant. The value is Re = 1083 (2.19 mm drop) for our
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(a) (b)

FIG. 8. Coefficient of drag Cd plotted against (a) We (r = 0.50) and (b) Re We (r = 0.76).

surfactant-laden drops and Re = 1794 (2.96 mm drop) for drops without surfactant. As expected,
our surfactant-laden drops have a lower critical drop size for perfect sphericity, also seen in Fig. 7(c).
As surfactant concentration increases, we expect the critical drop size to decrease. Our observations
and methods to extrapolate the critical drop size for spherical behavior can be applied to drops with
D0 ≈ 1–7 mm, which fall into the regime of small to large raindrops with an unsteady wake, as
identified by Beard [76].

Surface tension effects on Cd can be interpreted through the Weber number, as shown in Fig. 8(a),
which collapses the curves previously separated by surface tension in Fig. 7, but not completely as
the Weber number does not account for the viscous effects in the surrounding airflow. We propose
the product Re We by which to predict Cd, and plot the result in Fig. 8(b). Our proposed product is a
superior predictor of Cd with correlation coefficient r = 0.76, compared with r = 0.50 for We. Such
a combined parameter incorporates both aerodynamic inertial forcing and viscous transmission of
stresses to the interface,

Re We =
(

ρlU 2D0

σ

)(
ρaUD0

μa

)
= ρaρlU 3D2

0

μaσ
. (3)

The result is a group that compares the magnitude of aerodynamic forces to viscous and capillary
stabilization. In Eq. (3), the numerator consists of variables that promote deformation and flattening
of the drop and consequently increase Cd. Increasing the air density ρa and air velocity U raise
dynamic pressure. Larger drop diameter D0 increases the area exposed to a dynamic pressure and
lengthens the capillary restoration timescale, resulting in drop flattening and shape oscillations,
which in turn increase Cd. The denominator consists of surface tension σ that promotes drop spheric-
ity and air viscosity μa that dissipates momentum gradients in the surrounding flow, limiting the
efficiency with which aerodynamic stresses deform the interface. Such quantities that promote drop
sphericity and resist deformation naturally reduce Cd. In other words, Re We represents the balance
between an aerodynamic impulse delivered to the drop and the viscous-capillary mechanisms that
restore its shape. Increasing Re We results in greater deformation, flattening, and drag enhancement,
whereas decreasing Re We results in more spherical drops.

The focal point of the cameras along the observation window lies approximately halfway
between the inlet and the outlet bearing an anemometer in Fig. 1. Terminal velocity across drop
size and nanoparticle concentration is plotted in Fig. 9(a). The terminal velocities of distilled
water, with and without nanoparticles, appear independent of drop size and particle content in
the D = 4–7 mm range. Plateauing of terminal velocities generally occurs at larger drop sizes due
to flattening. Results from previous studies indicate a scattering of drop velocities as a result of
unsteady wake [77], which is the regime for levitating drops of size D0 ≈ 1–7 mm as identified
by Beard [78]. Terminal velocities of distilled water drops, regardless of nanoparticle concentration,
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FIG. 9. (a) Terminal velocity U plotted against characteristic diameter D0. (b) Surface tension of liquid σ

plotted against NP concentration C(%). Surface tension values are provided in Table I.

remain tight, 8.5–9.2 m/s, a <10% variance with an average of U = 8.95 ± 0.141 m/s. The addition
of surfactant to distilled water significantly decreases the velocity to U = 7.60 ± 0.101 m/s, while
reducing scatter. In the presence of surfactant, nanoparticles increase U over those drops containing
none. At concentrations >0.25% v/v, ∼5–15 nm silicon dioxide nanoparticles increase the surface
tension of liquids [79,80], as shown in Fig. 9(b). The addition of nanoparticles neither affects the U
nor the characteristic shape of drops without surfactant, as shown in Figs. 6(a) and 6(c).

B. Nanoparticles at low concentrations induce drop instability

As discussed in Sec. III A, the drop characteristic shape fails to express the specific dynamic
changes that nanoparticles induce. Another metric that we use to demonstrate the excitation that
nanoparticles incite is the canting angle β.

The canting angle is the angle of the drop major axis from the horizontal. An example of the time
response of the canting angle is shown in Fig. 10(a). Analysis of the canting angle reveals excitation
at the lowest concentration of nanoparticles (0.1% m/m). A plot of the time-averaged canting angular
velocity β̇ versus the NP concentration is shown in Fig. 10(b). Lower nanoparticle concentrations
(0.1% m/m) excite drop canting angular velocity in magnitude and scatter with and without the
presence of surfactant (25.5 ± 11.7◦ and 31.2 ± 15.3◦, respectively). The time average of the
canting angle β ≈ 0. The activity of the canting angle can be quantified by taking the difference
between the maximum and minimum canting angle �β for a 1-s period, coined the “amplitude” of
the canting angle [5,39]. A plot of �β versus nanoparticle concentration is shown in Fig. 10(c). The
addition of surfactant reduces �β when nanoparticles are present. In drops without surfactant, the
addition of the lowest concentration of nanoparticles at 0.1% m/m is accompanied by an increase in
average �β and standard deviation from 27.3 ± 6.4◦ to 43.8 ± 25.6◦, indicating increased drop
deformation. In drops with surfactant, the addition of nanoparticles at 0.1% m/m increases the
canting angle amplitude �β and standard deviation from 23.2 ± 6.3◦ to 40.3 ± 36.1◦. Once drops
cross the vertical canting angle |β| = 90◦, the sign of the angle flips as the range of measurements
for the canting angle are −90◦ < β < 90◦, a phenomenon observed in large (D0 > 6 mm) drops as
a result of transient disturbances, as shown in Fig. 10(d).

At low concentrations of nanoparticles, their distribution on the liquid surface is nonuniform
[81]. The patchwork in nanoparticle distribution results in local surface tension gradients that
lead to increased deformation under flow [82], resulting in the excitation observed at 0.1% m/m
silicon dioxide. The discrete patches of nanoparticles have larger surface tensions than the bulk
and thus deform less than the neighboring, clean liquid. At nanoparticle concentrations (<0.5%),
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FIG. 10. (a) Canting angle β plotted against time t (orange); the time-averaged value for β is marked in

blue. (b) Time-averaged canting angle angular velocity β̇ plotted against concentration nanoparticles C, where
error bars correspond to the standard deviation. (c) Canting angle amplitude �β plotted against concentration
nanoparticles C. (d) Canting angle β plotted against time t for a drop through a complete vertical circulation, a
special case that occurs when D0 > 6 mm, C = 0.1%.

nanoparticles in liquid mixtures reduce surface tension [80], an observation that is also seen
with silicon dioxide [79], which explains the observed dip in the surface tension at nanoparticle
concentration C = 0.1% m/m observed in Fig. 9(b). Beyond a certain nanoparticle saturation con-
centration (NSC), the drop becomes saturated with nanoparticles and distribution on the fluid surface
becomes increasingly homogeneous [83], resulting in diminishing changes to interfacial tension
and increased drop shape stability, as indicated by reduced canting angle activity. Consequently,
the reduction of �β by surfactants is diminished past the NSC, as shown in Fig. 10(c). In static
microdroplets (diameter <50 µm) in microfluidic tubes, a particular study finds silicon dioxide
to have a saturation concentration of ≈0.2% [83]; in our vertical wind tunnel where the drop is
constantly being deformed, we expect the NSC to be higher as shown by the sustained decrease
in surface tension, C ≈ 0–0.5%, in Fig. 9(b) and sustained increase in β and �β, C ≈ 0–0.5%, in
Figs. 10(b) and 10(c) as we suspect that the nanoparticles are continually being displaced from the
surface to the drop interior. Increased deformation results in a lower time-averaged area normal to
the airflow, resulting in the higher terminal velocity when compared to surfactant-only counterparts
shown in Fig. 9(a). A true working NSC for levitating drops is unclear, though we believe it to be
between 0.2% m/m and 0.5% m/m.
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FIG. 11. (a) Diameter distribution of our trial drops. (b) Canting angle amplitude �β plotted against the
characteristic drop diameter D0.

At concentrations greater than the NSC, nanoparticles increase surface tension [79,84], saturate
the drop surface [82,83], and decrease surface tension gradients, conferring increased interfacial
stability. Stability reduces drop deformation, indicated by the reduced scatter in terminal velocity
shown in Fig. 5(a), reduced scatter in �β shown in Fig. 10(a), and reduced canting angular velocity
shown in Fig. 5(d), for nanoparticle concentrations 0.5% m/m and 0.1% m/m. At the highest
concentration, the addition of surfactant produces negligible effects on �β and β̇.

The effect of surfactant addition to nanoparticle solutions is dependent on concentration. The crit-
ical micelle concentration (CMC) of a surfactant is the concentration at which additional surfactant
forms micelles within the fluid. For Triton X-100, this value is 0.22 mM [85] or ≈0.014% m/m.
At surfactant concentrations beyond the CMC, surfactants participate in removing nanoparticles
from the fluid interface. At low nanoparticle concentration (<0.5%), suppression of surface tension
by nanoparticles is amplified by adding charged surfactants, especially at increasing concentrations
relative to the critical micelle concentration [79]. Triton X-100 is a non-ionic surfactant. Thus, while
our concentration of surfactant is 1.45 CMC, we do not see the solution to have the same synergistic
decrease in surface tension described by previous works. Since the surfactant concentration used
in our experiments is past the CMC, there are surfactant micelles that capture nanoparticles from
the fluid surface [35]. Addition of surfactant prevents amalgamation [86], thereby discouraging
possible surface tension gradients from forming and preventing drop deformation, which is seen
in the reduction of the average canting angular velocity [Fig. 10(b)] and mean canting angle
amplitude [Fig. 10(c)] at nearly all nanoparticle concentrations. As drops increase in size, in-
ertial forces supersede surface tension, conferring decreased stability and increased deformation
[5,71], allowing for the occurrence of complete vertical circulations, a phenomenon observed
solely in large drops (D0 > 6 mm), as shown in Fig. 10(d) (see Movie S3 in the Supplemental
Material [69]).

Diameter effects are a key parameter when considering the results in Fig. 10. Our drop trials
sit above 3.5 mm, keeping the diameter distribution tight overall (3.5–6 mm) across the win-
dow of analysis. The distribution of the solution types has overlap, especially at (4 to 5 mm),
as shown in Fig. 11(a). Thus, when discussing data pertaining to the drop solution, we re-
fer to the range of 3.5–6 mm, where diameter effects are superseded by the effects of drop
composition.

Furthermore, the relationship between canting angle amplitude and drop diameter is seen in
Fig. 11(b), which shows a dependence on drop diameter. The dependence of the drop diameter
increases for drops approaching 6 mm and beyond, while drops below that threshold tend to show
greater dependence on fluid composition than diameter.
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FIG. 12. (a) Dominant oscillation modes as observed from a 2D drop shadow. (b)–(e) Generation of
frequency spectra for a (D0 = 4.89 mm, U = 8.96 m/s, NP 1%) drop. (b) Drop schematic of radii differentials
from the mean radii. (c) Plot of radii differentials ri against angle for measurement. (d) Measurements shown
in (c) across all recoded instances across trial. (e) Frequency spectra of drop oscillation along the radius of the
drop. The colors of the boxes in (e) correspond to the modes in (a) which are boxed with the same color. The
color bar shows the single-sided amplitude.

C. Surfactants suppress drop oscillation

Oscillation modes were first described for spherical liquid bodies by Raleigh, where drops have
multiple degenerate modes m = n + 1 for each harmonic n [43,87]. For drops where deformation
occurs (D0 > 1 mm), the individual modes for each harmonic cease to be degenerate [5,43]. Larger
drops also make higher-order harmonics (n > 3) harder to detect, often dominated by the quadrupole
(n = 2) harmonic [13,39,76]. For D0 ≈ 3–6 mm, there exist three dominant modes [(n = 2, m = 0);
(2,1); (2,2)] observed in 2D from the drop shadow [43], shown in Fig. 12(a). The 3D models for the
dominant oscillation modes have also been explored in previous works [45]. Detection of oscillation
modes is often done by observing the frequency of the axis ratio for the axisymmetric oscillation
mode which tends to be the most prominent [5].
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While methods exist to determine individual oscillation modes [44,45], there are currently no
published visualization tools that allow for viewing all oscillation modes observable from a given
viewing plane, to our knowledge. Here, we present a method that graphically displays all oscillation
modes of the levitating drop. A drop may be divided into N equivalent zenithal bins, as shown in
Fig. 12(b) (see Movie S2 in the Supplemental Material [69]). Differential radii are taken for each
bin ri = Ri − R0 as the difference between the radius at the bin Ri and the average radius around the
drop shadow R0 = Da/2 averaged across all frames, as shown in Fig. 12(c) (see Movie S2 in the
Supplemental Material [69]). A given bin may contain multiple pixels. The possibility of multiple
radii measurements per bin increases with pixels further from the centroid due to each bin occupying
more space extending radially. If multiple data points exist in a given bin, the mean is used as Ri.
Differential radii for all frames in a drop levitation video are plotted against the bin angle, as shown
in Fig. 12(d) (see Movie S2 in the Supplemental Material [69]). The frequency response across
each bin angle is computed, so that the plot in Fig. 12(d) is transformed to its frequency response
spectrogram shown in Fig. 12(e) (see Movie S2 in the Supplemental Material [69]). The spectrogram
allows for the instantaneous reading of all oscillation modes. Peak frequencies are extracted for two
major modes and higher-order (n = 3) harmonic displayed in Figs. 13(a)–13(c) as the axisymmetric
(2,0) and horizontal (2,2), as well as a higher-order harmonic (n = 3), respectively.

Models for the n = 2 harmonic are overlayed in Fig. 13(a). The models by Reyleigh [87] and
Lamb [88,89] have degeneracies of the oscillation modes, while Feng and Beard [90] develop
a closed-form solution for the nondegenerate oscillation modes of the n = 2 harmonic. For the
axisymmetric oscillation mode, the models effectively overlay on top of one another, as seen
in Fig. 13(a). Our results consistently show a greater frequency than predicted, an effect more
pronounced with the fit to the reduced surface tension model. Our results confirm the transverse
oscillation mode to be a slightly less, if not the same, frequency as the axisymmetric oscillation
mode [6,44]. Only 57% of the trials hosted clear recovery of an independent transverse frequency,
with its peak close to or compounding onto the axisymmetric oscillation frequency. The horizontal
oscillation mode has a more distinct peak and was present in nearly all (94%) drops. The horizontal
oscillation mode has great fit with both the nonsurfactant and the surfactant fits of the Feng and
Beard model seen in Fig. 13(b). The frequencies of the higher-order (n = 3) harmonic are more
erratic than the n = 2 modes. The retrieved frequencies are shown to fit well with the Rayleigh
model seen in Fig. 13(c), though, as shown with the axisymmetric oscillation mode, it too shows a
greater than predicted frequency, especially for drops with reduced surface tension.

As expected, larger drops have a lower oscillation frequency for all modes. The addition of
surfactant reduces the oscillation frequency across all oscillation modes. We observe no effect of the
addition of nanoparticles on the oscillation modes and frequencies of levitating drops. The frequency
spacing between the n = 3 and the axisymmetric mode and between the n = 3 and horizontal mode
is reduced by surfactant and drop diameter as shown in Figs. 13(d) and 13(e). The frequency gap
between the horizontal and axisymmetric modes is increased by surfactant, but independent of drop
diameter, as shown in Fig. 13(f).

The nondimensionalized amplitude of each oscillation is retrieved according to

Ăx =
∑N

i Ai(Fx)

ND0
, (4)

where Ai(Fx) is the single-sided amplitude on the ith radius bin along N bins at frequency Fx

corresponding to the axisymmetric FA, horizontal FH, and n = 3 Fn=3 oscillation modes. Each
oscillation mode exhibits distinct behaviors, depending on the Reynolds number and nanoparticle
concentration. Ăx is also sensitive to noise, especially along the transverse and horizontal oscillation
modes. Individual modes and complications are further discussed in the Supplemental Material [69].
A nondimensionalized sum of amplitudes is described as follows:

Ă = ĂA + ĂH + Ăn=3. (5)
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FIG. 13. (a) Average frequency F of axisymmetric oscillation mode against characteristic drop diameter
D0. (b) Average frequency F of horizontal oscillation mode against characteristic drop diameter D0. (c)
Average frequency F of higher-order (n = 3) oscillation mode against characteristic drop diameter D0. (d)
Frequency difference �F of n = 3 and axisymmetric oscillation mode against characteristic drop diameter D0.
(e) Frequency difference �F of n = 3 and horizontal oscillation mode against characteristic drop diameter
D0. (f) Frequency difference �F of axisymmetric and horizontal oscillation mode against characteristic drop
diameter D0.

The normalized amplitude Ă accounts for the oscillation amplitude along the three most prominent
frequencies of the higher order (n = 3)Ăn=3, axisymmetric ĂA, and horizontal ĂH, while also min-
imizing noise from improper recovery of Ăn=3 and ĂH. Figure 14 shows Ă against a concentration
of nanoparticles and Reynolds number. The axisymmetric amplitude ĂA is the most prominent and
governs Ă. Similar to �β and β̇, nanoparticle drops reduce in magnitude past a certain NSC as
nanoparticles become uniform on the drop surface, as shown in Fig. 14(a). We suspect a shift in the
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FIG. 14. Nondimensionalized amplitude sum Ă against (a) concentration of nanoparticles (error bars
correspond to standard deviation) and (b) Reynolds number Re.

NSC from the addition of surfactant, resulting in a shift in maxima from 0.5% m/m nanoparticles
to 1% m/m nanoparticles. Our surfactant concentration is beyond the critical micelle concentration
and is likely capturing particles from the fluid surface [35]. Such an event would require more
nanoparticles to saturate the fluid surface, thus shifting the NSC. The magnitude of Ă increases
drastically for all drops greater than Re ≈ 3000 and gradually for drops less than Re ≈ 1800.
Each individual amplitude Ăx also increases beyond Re ≈ 3000 to varying degrees, as shown in
the Supplemental Material [69]. At especially large diameters, such as those >5–6 mm, drops
host increased deformation and even approach break up [70,91,92]. The 5 to 6 mm drops have
Reynolds numbers Re = 3031–3637, according to our fit of drop diameter to Reynolds number.
The drastic increase observed at Re > 3000 is likely due the increased instability of the larger drop
as it approaches the threshold of breakup.

Excitation may be measured through the Womersley number Wo = D0(2πFAρ/μ)
1
2 , where

FA is the axisymmetric oscillation frequency and ρ and μ are the density and dynamic viscosity,
respectively, of the fluid. Wo is a measure of excitation as it collapses the diameter and frequency,
as shown in Figs. 15(a) and 15(b), where Wo is plotted against and ĂA�β. When plotted against
nanoparticle concentration in Fig. 15(c), there exists a bifurcation of surfactant and nonsurfactant
trials at Wo = 60 independent of nanoparticle concentration; this indicates that Wo, and thus
excitation, is influenced primarily by the presence of surfactant and not nanoparticles.

D. Two-dimensional camera view reveals drop orientation

A key consideration is whether the observed oscillation modes and canting dynamics are “steady-
state” features of the levitated drops or transient remnants associated with drop formation at the
injection needle. In our experiments, data acquisition is initiated only after the drop has reached
a stable equilibrium position and orientation within the vertical wind tunnel, typically more than
1 s after release. This delay exceeds the characteristic timescale over which injection-induced
disturbances decay, which is less than 1 s. We verify this notion by taking the average logarithmic
decrement δ of our oscillation time series. The average logarithmic decrement δ = 1

n

∑i=n
i=1 ln |α|i

|α|i+1

is calculated for each trial, where |α|i and |α|i+1 is the ith and (i + 1)th peak of the absolute value
of the temporal axis ratio |α|. The logarithmic decrement is used as a rudimentary detection of
any decay of oscillation [93–95]. Nearly all trials retrieve δ ≈ 0, an indication of little to no decay
with ≈50% δ < 0, as shown in Fig. 15(d). We conclude that the oscillations reported in this work are
representative of “steady-state” drop dynamics under continuous levitation. Precise quantification of
drop orientation during oscillation has remained challenging due to the inherently three-dimensional
motion and optical distortions that occur during levitation [9,44,67,96]. Attempts to reconstruct
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FIG. 15. Womersley number plotted against (a) canting angle amplitude �β, (b) nondimensionalized ax-
isymmetric amplitude Ă, and (c) concentration of nanoparticles. (d) Logarithmic decrement δ vs characteristic
drop diameter D0.

the 3D drop shape from 2DVD data are present in the literature [9,45]. Thurai et al. [45] use a
four-point curvilinear spline interpolation to construct the surface between the two camera planes,
an approach that inherently constrains the drop to be approximately oriented orthogonally to the
viewing cameras. Zheng et al. [9] reconstruct 3D orientation using an oblate spheroidal assumption
from field 2DVD observations, reporting statistical distributions of azimuthal and zenith angles.
Similarly, canting angle distributions have been inferred from 2DVD drop passages [97]. However,
these approaches yield ensemble statistics from transient drop passages rather than time-resolved
orientation dynamics of individual drops. To our knowledge, no prior work has tracked the instan-
taneous 3D orientation of a levitating drop through time, which is the aim of our study. Here, we
present an approach that reconstructs the instantaneous three-dimensional orientation of a levitated
drop from two orthogonal high-speed camera views. Our method enables a direct measurement
of both the azimuthal and zenithal components of the drop oscillatory axis, parameters that have
traditionally been inferred indirectly or assumed symmetric [67,71,97].

From our two orthogonal views, as shown in Fig. 16(a), we reconstruct the orientation of the
drop as the azimuthal θ and zenith γ angles. The azimuthal is defined as the angle of the drop
oscillatory axis as viewed from the top of the observation chamber. The zenith is defined as the
angle of incidence of the oscillatory axis from a plane orthogonal to the viewing planes.

The axis ratio α seen in each camera oscillates at similar frequencies, resulting in sinusoidal
values that come in and out of phase with one another, as shown in Fig. 16(b). The phase difference
between the oscillations of the axis ratios of the two cameras is taken as the azimuthal with a
mapping of [0◦ − 180◦ → 45◦ − 0◦]. Hilbert transformations of the two responses of the axis ratios

053604-22



SHAPE, OSCILLATION MODES, AND ORIENTATION …

(a)

(d)

(c)

(e)

(b)

FIG. 16. (a) Schematic of the zenith angle γ of the drop within our two-camera experimental setup. (b)
Axis ratio α plotted against time t for both camera views. (c) Illustration of degeneracies N = 0, N = 2, and
N = 4 for θ . (d) Zenith angle γ plotted against time. (e) Azimuthal angle θ plotted against time.

are performed to retrieve the complex form of the discrete function. The phase angles are then
extracted and the difference is shifted by adding multiples of ±2π to obtain |θr| < π , where θr is the
phase between the axis ratios in radians. θr is mapped as θ = |180◦ − 180(θr )/π |/4, where θ is the
azimuthal in degrees. There exist degeneracies along different orientations, as shown in Fig. 16(c),
which depicts top views of the drop at various θ . At θ = 0◦, there exist N = 0 degeneracies as
the oscillatory axis is completely orthogonal to the viewing planes. At θ = 45◦, there exist N = 2
degeneracies. All other values have N = 4 degeneracies.

The azimuthal and zenith angles change through time, as shown in Figs. 16(c) and 16(d). The
zenith angle is taken to be the average canting angle from both cameras, except when θ → 0◦. When
θ ≈ 0◦, the camera that has the shorter horizontal axis loses any information on β so that γ is taken
as the maximum of the two canting angles.

Large drops (>6 mm) exhibit unique oscillation patterns with greater amplitudes and lower
frequencies. A comparison of small drops (<6 mm) to large drops is shown in Fig. 17. Drops that
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FIG. 17. (a) Spectrogram of small drop with C = 0.5%. (b) Spectrogram of typical large drop with C =
0.5%. (c) Spectrogram of large drop with C = 0.5% containing multiple frequencies of the same oscillation
mode.

are <6 mm tend to have higher frequencies and display defined oscillation modes. The 4.45 mm
drop in Fig. 17(a) displays the main pronounced axisymmetric oscillation mode, and the beating
pattern beyond 80 Hz indicates the higher-order n = 3 oscillation. The main frequency band in the
6.37 mm drop displayed in Fig. 17(b) does not have definite intensities at πn/2 radians and instead
shows similarities with the transverse oscillation mode. We observe that certain large drops contain
the same oscillation mode at different frequencies. The Rayleigh theory of oscillation assumes a
spherical shape with minimal distortion [87]. Such a shape hosts degenerate oscillation modes along
each harmonic. As raindrops >1 mm naturally begin to flatten and oblate, the individual oscillation
modes in the dominant n = 2 harmonic deviate from the degeneracies [5,43,90]. Our large (> 6 mm)
drops contain significant oblation, and drops of this size are found to be near breakup conditions
[70,91,92], often oscillating about a flattened equilibrium shape. The high deformation near breakup
conditions is enough to significantly deviate from the Rayleigh model and produce the appearance
of multiple oscillation modes that we observe. An example can be seen in the 9.11 mm drop in
Fig. 17(c), which contains two frequency peaks near 20 Hz for the axisymmetric oscillation mode.

IV. CONCLUSION

In this work, we introduce different methods to characterize drop oscillation and shape. We use a
two-camera setup inspired by two-dimensional video disdrometers which are widely used to study
rain rate and drop size during precipitation events [67]. The close proximity of our cameras to the site
of the drop observation allows for negligible distortion and 3D reconstruction of drop orientation.
The prevailing drop shadow in each camera view throughout the oscillation of the drop in time is
extracted as the characteristic shape. A volume-equivalent characteristic diameter D0 is retrieved
from the disk integration of the characteristic shape. We find good agreement of D0 with models
of axis ratio and the characteristic shape with the equilibrium drop shape [76]. Frequency analysis
along the drop shadow perimeter visualizes all oscillation modes and allows for analysis of drop
oscillation amplitude. The three most prominent oscillation modes are axisymmetric, horizontal, and
the higher-order (n = 3) harmonic, which occur in nearly all our levitated drops. The axisymmetric
oscillation mode is the most prominent; its measured frequency and amplitude are the most resilient
to noise and errors. The nondimensionalized total oscillation amplitude Ă is a single quantity that
can be used to compare the degree of oscillation between levitating drops. The addition of surfactant
shifts the NSC to a greater concentration. We suspect that this is due to our surfactant (1.45 CMC)
forming micelles and capturing particles from the fluid interface [35], thus decreasing the saturation
at the fluid surface. We show that the drag coefficient of raindrops is linear with Reynolds number
and approaches the Cd of a solid sphere as the drop size decreases to a critical value. Our work is
an experimental validation of all the accumulated theoretical work on raindrop studies since 1879.
Future works can investigate the internal circulation within the levitating drops.
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