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ABSTRACT
In this study, we explore the vibration damping characteristics of singular liquid drops of varying viscosity and surface tension resting on a
millimetric cantilever. Cantilevers are displaced 0.6 mm at their free end, 6% their length, and allowed to vibrate freely. Such ringdown
vibration causes drops to deform, or slosh, which dissipates kinetic energy via viscous dissipation within the drop and through contact line
friction. Damping by drop sloshing is dependent on viscosity, surface tension, drop size, and drop location. A solid weight with the same
mass as experimental drops is used to compare against the damping imposed by liquids, thereby accounting for other damping sources.
Neither the most viscous nor least viscous drops studied imposed the greatest damping on cantilever motion. Instead, drops of intermediate
viscosity strike the most effective balance of sloshing and internal dissipative capacity. Very thin cantilevers with sloshing drops express
more than one dominant frequency and vibrate erratically, often shifting phase, presenting a challenge for quantiﬁcation of damping. Finally,
we introduce a new dimensionless group aimed at incorporating all salient variables of our cantilever-drop system.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0055382

I. INTRODUCTION
Simple cantilever motion is generally well-understood and
numerous models are available to determine both aerodynamic
damping1–3 and internal dissipation.4–6 Dissipative forces arise from
the cantilever material and external forces such as air drag and decaying free vibration.7 Mass placed at the cantilever tip is a straightforward means to augment cantilever dynamics compared to naked
cantilevers, including the nature of vibration damping. Rigid masses
contribute no appreciable internal damping, but impart inertia that
can prolong vibration. In contrast, particle impact dampers8–10 (PIDs)
hold hundreds to thousands of particles as a single concentrated mass
that moves freely within a rigid shell to produce damping via particle
impact,9–14 friction,15–18 and hysteretic particle deformation.17,18 PIDs
are effective over wide temperature and frequency ranges and can be
found in applications including tennis rackets,19 spacecraft,20 turbomachinary,21 and civil structures.22
Analogous to the impact of particles in a PID, liquid motion at
all scales, both continuous ﬂow and oscillatory motion, dissipates
energy. Liquid sloshing in open containers with external excitation is
an important phenomenon in engineering applications including
trucking liquids,25–27 fuel sloshing and buffeting problems of aircraft,26,27 and creation of acoustic noise in automotive fuel tanks.30–32
Both theoretical33–35 and experimental34,35 analyses have been extensively employed to examine the physics of liquid motion damping by
sloshing in a container by tracking the motion of the free surface.
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Energy dissipation is likewise pertinent for exceedingly small liquid
bodies and singular drops. Inertial forces deform liquid drops while
surface tension imparts sphericalness to gas–liquid interfaces. When a
drop is deformed from equilibrium, its return to equilibrium is
achieved by performing damped oscillations38–42 or sloshing. The
capability of drops to damp disturbances across ranges in size, viscosity, and surface tension remains understudied.
Millimetric cantilevers provide a simple dynamic system to investigate damping by liquid drops, and such a system is schematized in
Fig. 1(a). Below critical accelerations, drops remain atop the cantilever
and slosh, rather than eject, as the cantilever vibrates. At the scale
where drops are large enough to deform under imposed acceleration
and small enough to remain a single entity, they behave similar to
miniature PIDs by contributing a mass, which deforms with cantilever
motion38,41,42 as pictured in Fig. 1(b). A qualitative visual of drop
damping compared to a solid mass of equivalent weight can be seen
by plotting vibration amplitude y vs time t in Fig. 1(c). Surface tension
constrains drop ﬂow while governing an equilibrium shape. Viscosity
acts in concert to further restrain ﬂow and dissipate energy. Damping
by a sloshing drop has been quantiﬁed for very narrow conditions
when the cantilever base is excited in ﬁrst-mode vibration.38,43
Damping by drops is known to depend on base frequency, cantilever
surface wettability, drop position, drop size, and liquid viscosity.38,43
With a ﬁxed cantilever base, free vibration is induced by an initial
deﬂection of the free end. In this study, we consider the damping
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FIG. 1. (a) Experimental setup of vibrating
cantilever using moving plucker produces
the initial tip deﬂection. (b) Photo
sequence of drop deformation for glycerin
(G1). (c) Comparison of cantilever tip displacement with solid (S) and liquid (G1)
masses.

ringdown vibration of a ﬁxed, 10  3.6-mm2 cantilever by a sessile
drop placed at a ﬁxed location on the dorsal surface of the cantilever.
Initial tip deﬂection is applied so the ensuing inertial force does not
overcome liquid–solid adhesion to eject the drop. Newtonian test
drops vary in composition to obtain contrasting viscosity and a range
of surface tension. We present our experimental methods in Sec. II,
theoretical considerations in Sec. III, and results in Sec. IV. A discussion of results follows in Sec. V.
II. METHODS
We construct cantilevers from Kapton polymide ﬁlm, elastic
modulus E ¼ 2.5 GPa, of length ‘ ¼ 10 mm (0.002 in.), and width
3.60 mm (0.14 in.), sourced from McMaster-Carr. Cantilevers are cut
to size with a GlowForge laser cutter at sufﬁcient power to make a cut
while not charring and beveling edges. We use three different thicknesses of Kapton, which are th ¼ 2-mil (0.051 mm), 5-mil
(0.127 mm), and 10-mil (0.254 mm), and prepare cantilevers of mass
mc ¼ 2:2, 5.5, and 11.7 mg, respectively. Cantilevers are attached to a
ﬁxed post with cyanoacrylate while a plucker produces the initial tip
deﬂection. The plucker is a razor blade aﬁxed to a micromanipulator.
Trials in which cantilevers release from the plucker prematurely are
disregarded. A schematic of our experimental setup is shown in
Fig. 1(a). NeverWetV hydrophobic coating is used to increase the equilibrium contact angle to hc ¼ 12969:57 ; N ¼ 87. It should be noted
that different liquids express different contact angles. Greater values
of hc are achievable by multiple applications of NeverWet, but superﬂuous hydrophobicity enables drop relocation.38,43 Drops of mass
md ¼ 2:060:1 mg, N ¼ 87 are placed atop the cantilever by hand
using a syringe at a distance of x0 ¼ 6:8960:32 mm, N ¼ 87 from
the ﬁxed end. The trial-and-error ensures drop size matches the
desired mass, within 10%. The target drop radius is determined from
formulas presented in the supplementary material and Fig. S1. The
drop location was chosen such that drops rest near the cantilever tip
without spilling over the tip when deformed. Liquid drop properties
are augmented by mixing imitation honey (H), glycerin (G), and water
(W) to various ratios by volume. With satisfactory drop size and placement, each condition has three replicates. Our naming scheme for
R
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liquid mixtures dictates the number of parts following the liquid
abbreviation. For example, “G3W1” denotes the mixture is composed
of three parts glycerin and one part water by volume. We change the
liquid surface tension by adding a very small amount of dish soap to
the mixture. Surface tension of the mixtures is measured with a SITA
DynoTesterþ surface tensiometer using the bubble pressure method,
and visocity of the mixtures is measured using a Brookﬁeld DV-II Pro
Viscometer. The viscosity and surface tension of our test liquids are
given in Table I.
Drop sloshing events and cantilever tip displacement are ﬁlmed
with a Photron high-speed camera at 8100–8500 fps ﬁtted with a
Nikon Sigma APO Macro 150-mm f/2.8 lens. The scene is illuminated
by GS Vitec MultiLED lights. Drop measurements, location, and cantilever motion are gathered with Open Source Physics Tracker and
MATLAB. A Savitzky Golay ﬁlter with a third order polynomial and a
span of 11 is used to remove artifacts from displacement and velocity
curves.45 Suitable ﬁlter parameters are chosen, which produces minimum deviation from the original experimental data.48–51
III. THEORETICAL CONSIDERATIONS
A. Quantifying damping capacity
Generally, damped systems in free vibration with unchanging
mass can be described by a familiar equation of motion,
m€y þ c_y þ ky ¼ 0:

(1)

In our system, y is vertical tip displacement, mass m ¼ mc þ md and
is nonuniformly distributed along the cantilever, the damping coefﬁcient c is not constant, and the spring constant k is dependent on the
cantilever material and thickness. The nonlinear behavior of damping,
exacerbated by drop deformation across vibration cycles, is dependent
on the vibration amplitude and necessitates the use of a simple analytical tool. We thus employ the speciﬁc damping capacity w, deﬁned as
w¼

DT
;
T

(2)

where DT is the kinetic energy converted into heat or potential energy
during one cycle and
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TABLE I. Density, viscosity, and surface tension of different liquid mixtures.

Mixture

Symbol

Density, q ðg=mlÞ

Viscosity, l ðcPÞ

Surface tension, r ðmN=mÞ

Ohnesorge number, Oh

H1
H3G1
H1G1
H1G3
G1
G3W1
G1W1
G1W3
W1


䉭
䉮

䉫
(

3

1.39 6 0.02
1.25 6 0.02
1.20 6 0.01
1.21 6 0.01
1.21 6 0.01
1.19 6 0.02
1.10 6 0.01
1.06 6 0.01
0.983 6 0.004

10 000
3378 6 6
1207 6 5
975.4 6 3.3
520.7 6 3.4
32.8 6 1.3
9.26 6 1.12
3.14 6 0.35
0.981 6 0.007

310a
100.2 6 1.4
97.4 6 0.4
92.6 6 0.5
83.7 6 1.6
78.9 6 1.4
75.6 6 0.7
73.2 6 1.5
71.7 6 0.6

17.06
9.5
3.7
2.9
1.76
0.12
0.036
0.013
0.004

ä

a

From Ref. [46].

"
T¼V

2

 #
mc md x0 2
þ
;
6
2 ‘

(3)

is the maximum kinetic energy of the cantilever during the cycle and
V is the velocity of the cantilever tip. The energy dissipated during the
ith cycle can be expressed as
"
 #
mc md x 0 2
2
2
þ
;
(4)
DTi ¼ Ti  Tiþ1 ¼ ðVi  Viþ1 Þ
6
2 ‘
where speciﬁc damping capacity during the ith cycle is expressed as
wi ¼

2
Vi2  Viþ1
;
2
Vi

(5)

with V measured at y ¼ 0. In order to compare the response of
cantilevers of varying stiffness, we introduce another dimensionless
parameter, effective acceleration12 C, as
C¼

Ax2
;
g

(6)

where A, x, and g are the amplitude, vibration frequency of the cantilever motion, and gravitational acceleration, respectively.
B. Energy dissipation due to viscosity
We employ an energy balance50,51 on the cantilever at time t ¼ 0
and after the end of the ﬁrst cycle (0 ) to provide an additional method
to quantify of energy dissipation due to drop sloshing,
El ¼ DEp þ DEs  Ed ;

(7)

where El includes energy dissipated internally by viscosity and by friction at the contact line.54–56 The energy dissipated via aerodynamic
and internal damping Ed is measured by using a solid mass, which
cannot deform. The change in the cantilever’s potential bending
energy is
DEp ¼


3EI  2
02
3 y y :
2‘

(8)

The deﬂection of the cantilever at release y is greater than the
deﬂection after one cycle, y0 . A change in the surface energy of the
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liquid drop can be measured by considering the change in the liquid–
gas interface area and liquid–solid contact area,




(9)
DEs ¼ r As  A0s þ pr rc2 cos hc  rc02 cos h0c ;
where As and A0s ; rc and r 0c ; hc and h0c are the surface areas, contact
radii, and contact angles of the liquid at t ¼ 0 and after one cycle,
respectively. Gravitation potential energy DEg ¼ mc gðyc  y0c Þ
þ md gðyd  y0d Þ, where yc and yd are the vertical positions of the cantilever’s center of mass and cantilever surface beneath the drop, respectively, is omitted from Eq. (7) because we ﬁnd DEg to be one to three
orders of magnitude less than the other energies of Eq. (7).
IV. RESULTS
A. Effect of surface tension on damping
We ﬁrst examine the inﬂuence of sloshing liquid surface tension
r on the speciﬁc damping capacity w by ﬁxing drop viscosity and
using G3W1 modiﬁed with a surfactant. The severity of surface tension on changes w is highly dependent on cantilever ﬂexibility. For our
stiffest cantilever, with thickness 10-mil, there is no discernible inﬂuence on w to changes in surface tension across the cantilever’s range of
effective acceleration C as shown in Fig. 2(a). As expected, lower surface tension values promote greater drop deformation as seen by the
image sequences in Figs. 2(c) and 2(d). We quantify the degree to
which a drop deforms from its static state by measuring the ﬂatness
factor42
d ¼

h d0
;
d h0

(10)

where h is the distance from the drop peak to substrate and d is the
diameter of the drop contact patch. The static system expresses h0 and
d0 dimensions, which are labeled graphically in Fig. 2(d). Moving contact lines ensures that the drop contact patch oscillates in time. We
plot d vs time t in Fig. 2(b) for all tested G3W1 drops, with a value
measured every video frame. The curves of Fig. 2(b) stand testament
to the chaotic nature of drop deformation while sloshing on an elastic
substrate. A fast Fourier transform (FFT) for the ﬂatness factor is provided in Fig. S2 of the supplementary material. The repeatability of w
values across multiple trials is shown by plotting w vs C for multiple
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FIG. 2. The effect of surface tension on
damping. (a) and (e) Speciﬁc damping
capacity w vs effective acceleration C. (b)
and (f) Temporal variation of ﬂatness factor. (c), (d), (g), and (h) Photo sequences
of drop sloshing for a G3W1 drop with surface tension value r ¼ 78:4 mN/m and
r ¼ 55:8 mN/m, respectively. Panels
(a)–(d) correspond to a 10-mil thick cantilever and panels (e)–(f) to a 5-mil cantilever. Values in the plots legends have units
mN/m.

replicates in Fig. S3. We ﬁnd replicate curves indistinguishable from
one another for three representative surface tension values.
In contrast to a 10-mil cantilever, damping of the 5-mil cantilever
by the liquid drop is generally enhanced by increasing surface tension
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in our range of experimental values as shown in Fig. 2(e). We visualize
how r affects damping by averaging the w values in Fig. 2(a) to pro We plot w
 vs r in Fig. 3 for both 10 and 5-mil cantilevers.
duce w.
One might expect that greater drop deformation [Fig. 2(f)] ensures
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B. Effect of viscosity on damping

 vs G3W1 drop surface tension r.
FIG. 3. Average damping capacity w

greater damping, but it should be noted that while lower surface tension drops are more easily deformed, they require less energy to do so;
surface energy scales with surface tension.51 Furthermore, greater surface tension values dictate that a greater volume of the static drop participates in deformation. In other words, greater surface tension allows
the center of liquid mass to move further from the substrate as contact
lines recede. The result is that internal energy dissipation by viscosity
occurs within a larger ﬂuid volume. A visual accompaniment of this
argument is provided with images comparing the centroid of two
G3W1 drops of different surface tension at their maximum d in Fig.
S4. The portion of the liquid drop pulled away from the substrate is
greater for the higher surface tension liquid. Surface tension thus
affects the mechanical impedance matching and force transmitted
between the drop and cantilever. A quantitative description of internal
dissipation for contrasting drop deformations is likely only feasible
through simulation and outside the scope of this study. We discuss
damping effects by drops of different viscosity in Sec. IV B.
The ﬂexibility and diminutive inertia of the 2-mil cantilever permit the expression of higher-order behavior, which is surface tension
dependent. We illustrate such behavior by the vibration curve in
Fig. 4(a). Using a drop with r ¼ 0:0784 N/m, we witness that the
sloshing drop can both amplify and suppress cantilever tip amplitude.
When sloshing drops achieve a high d value when the tip is at local
minima, the drop suppresses the magnitude of the minima, as seen in
the ﬁrst trough of Fig. 4(a). A drop achieving a low d value near local
tip minima enhances the downward tip motion, as seen by the second
trough of Fig. 4(a). We also ﬁnd that the liquid drop is able to store
elastic energy in its surface out-of-phase with cantilever motion, reducing the cantilever displacement to nearly zero for half a period [Fig.
4(a)]. A FFT of the vibration curve shown in Fig. 4(a) reveals two
dominant vibration frequencies Fig. 4(b). Such higher-order behavior
prevents the quantiﬁcation of damping with Eq. (5) across the time of
vibration. Reducing the surface tension of the drop reduces higherorder behavior but still reveals wave clipping at lower amplitudes. The
cause for the shift in behavior with surface tension is unknown.

Phys. Fluids 33, 062113 (2021); doi: 10.1063/5.0055382
Published under an exclusive license by AIP Publishing

In Sec. IV A, we posit that surface tension modulates the volume
of the drop participating in viscous damping. Viscosity, detached from
surface tension, also governs deformation and energy dissipation. In
this section, we compare the damping capacity of drops with a range
of viscosity in order to identify an approximate optimum value.
Neither an inviscid ﬂuid nor a ﬂuid of inﬁnite viscosity, a solid, can
damp vibration by viscosity, and thus some system-dependent intermediate value provides the greatest damping. The salient properties of
test ﬂuids are tabulated in Table I. Video compilations of each cantilever topped with each test liquid are available in Fig. 5 (Multimedia
view). We choose test ﬂuids in which we see a maximum damping
capacity appear for neither the lowest nor highest viscosity and covering 0:89  103 cP.
We plot speciﬁc damping capacity w vs effective acceleration C
in Figs. 6(a)–6(c). As with surface tension, w is cantilever dependent.
The stiffest 10-mil cantilever is damped most effectively by H1G3
(975 cP), as shown in Fig. 6(a). The intermediate 5-mil cantilever is
damped best by the less viscous G3W1 (33 cP), as shown in Fig. 6(b).
The thinnest 2-mil cantilever is damped best by the H1G3, as shown
in Fig. 6(c), but we were unable to measure w across the entire vibration curve for G3W1, G1W1, G1W3, and W1 due to the higher-order
behavior discussed above [Sec. IV A, Figs. 4 and 5(c) (Multimedia
view)]. Temporal displacement curves for G1W3 and W1 are given in
Fig. S5 of the supplementary material. For all three cantilevers, the
most viscous liquid, H, has a similar speciﬁc damping curve to the
solid mass as shown in Figs. 6(a)–6(c).
We acknowledge we cannot completely decouple changes in surface tension among the test ﬂuids in Table I from variation in viscosity.
Uniﬁcation of viscosity and surface tension into a single dimensionless
group can be done with the Ohnesorge number, Oh ¼ lðqrRÞ1=2 ,
where R is the static drop radius and l is viscosity. It is noteworthy
that an increase in viscosity of 1000 is accompanied by an increase
in surface tension of 1.37, so Oh values in our tests are driven primarily by changing viscosity. For the ﬁrst vibration cycle, corresponding to the rightmost points in Figs. 6(a)–6(c), we plot w vs Oh in
Fig. 7. For all cantilevers, we witness a rise in w from the lowest values
of Oh, and a fall in w after Oh  2:5. While Fig. 7 does not reveal the
critical Oh value that maximizes damping, we infer it lies in the range
of 1  5 for all cantilevers. The temporal plots of d in Figs. 6(d) and
6(e) reveal the nature of drop deformation across viscosity, namely,
that the two least viscous ﬂuids undergo signiﬁcant deformation compared to the rest. Thus, a trade-off between deformation and the ability
of viscosity to dissipate energy emerges from Fig. 7, with the composition of this trade-off driven by cantilever dynamics. The relation
between drop deformation, quantiﬁed with ﬂatness factor d , and viscosity is shown in Fig. 8. The heatmap of Fig. 8 reveals that intermediate levels of d correspond to the greatest damping.
By calculating the energy lost to viscosity and contact line friction
during the ﬁrst vibration cycle, we can generate an alternative means
to ﬁnd the “sweet spot” in Oh with our cantilevers. Solving Eq. (7)
with Eqs. (8) and (9) accounts for changes in cantilever potential bending energy (DEp ), the energy stored in the drop surface (DEs ), and a
lumped energy dissipation present without drops (Ed Þ. We plot El
normalized by the initial potential bending energy of a static cantilever
E0 ¼ 3EIy2 =2‘3 in Figs. 8(d)–8(f). Peak viscous dissipation occurs at
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FIG. 4. Time response [(a), (c), and (e)]
and frequency response [(b), (d), and (f)]
with G3W1 drop (l ¼ 32:8 cP) with
surface tension r ¼ 78:4 mN/m [(a) and
(b)], r ¼ 69:3 mN/m [(c) and (d)] and
r ¼ 55:8 mN/m [(e) and (f)].

FIG. 5. Experimental video compilation of (a) 10-, (b) 5-, and (c) 2-mil thick cantilevers topped by the gamut of experimental liquid drops. Each video is slowed 270.
Multimedia views: (a) https://doi.org/10.1063/5.0055382.1, (b) https://doi.org/10.1063/5.0055382.2, (c) https://doi.org/10.1063/5.0055382.3
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FIG. 6. Damping changes with viscosity.
(a)–(c) Speciﬁc damping capacity w vs
effective acceleration C. (d)–(f) Temporal
variation of ﬂatness factor. Each row represents a different cantilever: 10- [(a) and
(d)], 5- [(b) and (e)], and 2-mil [(c) and (f)].
The legend in panel (a) applies to panels
(a)–(c); viscosity values have units of cP.
The legend in panel (d) applies to panels
(d)–(f).

Oh  1  2:5 for all cantilevers, also aligning with the greatest w values as expected.
C. Evaluating damping capacity in the frequency
domain
A presentation of vibratory behavior modulation by drops would
be incomplete without examining how drop properties inﬂuence frequency. As expected, stiffer cantilevers naturally vibrate at a higher frequency. We examine the effect of ﬂuid viscosity on frequency
modulation by nondimensionalizing damped natural frequency f by
that measured for cantilevers with solid masses. This metric f  > 1 for
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all experimental liquids is shown in Fig. 9(b). As viscosity rises and
liquids behave more solid-like, f  ! 1. We rationalize that decreasing
viscosity allows for a virtual disconnection between the cantilever and
drop’s center of mass, much like relaxing a spring. Thus, from the
viewpoint of frequency, low viscosity effectively reduces a drop’s inertia. While viscosity inherently enhances energy dissipation, we again
see that viscosity reduces the number of oscillations a drop can
undergo in a given time. We are again reminded that there exists an
intermediate viscosity, which optimizes damping.
Like many other problems in ﬂuid mechanics, we seek a dimensionless group that permits the incorporation of salient system properties. The most appropriate, previously used dimensionless group
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FIG. 7. Combined inﬂuence of viscosity
and surface tension on damping. Speciﬁc
damping capacity w vs Ohnesorge number (a) and Kauffman number (b). Error
bars represent standard deviation in
damping capacity.

includes ﬂuid properties and frequency (to the1 author’s knowledge) is
the Womersley number55 Wo ¼ Lð2pf q=lÞ2 , traditionally used to
describe unsteady internal ﬂow with a length scale L representing that
of a solid boundary such as diameter. The Womersley number is

limiting in our case because it does not permit the incorporation of
both cantilever and drop length scales. We thus pose a new group,
which we dub the Kauffman number, after a previous collaborator
instrumental in our ﬁrst cantilever studies, Alam et al.,38

FIG. 8. Flatness factor d (a)–(c) and
nondimensionalized viscous energy dissipation El =E0 (d)–(f) vs Ohnesorge number. Each row represents a different
cantilever: 10- [(a) and (d)], 5- [(b) and (e)]
and 2-mil [(c) and (f)]. The color bar in
each row applies to both panels in the
row.
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FIG. 9. (a) Normalized vibration frequency
vs drop viscosity. (b) Vibration frequency
normalized by vibration frequency without
added mass (f/f0) vs f0. The legend in (a)
corresponds to both panels.

Ka ¼ R


1
‘ 2pf q 2
:
th
l

(11)

The Kauffman number permits the incorporation of drop and
cantilever length scales and liquid properties. We have arranged Ka
such that increasing terms in the numerator promotes drop deformation by increasing drop volume and inertia and cantilever motion.
Increasing the denominator magnitude reduces deformation by stiffening both solid and liquid. The drop placement distance from the tip
‘  x0 is not included as a parameter, as it is ﬁxed in our experiments,
but is implicitly manifested in f, as is material stiffness. Cantilever
width w, another ﬁxed variable, is likewise excluded in Ka.
Modiﬁcation of Ka by a factor of ð‘  x0 =wÞ could be included should
drop location and w become variablized. Damping capacity w is plotted against Ka in Fig. 7(b). For each cantilever, Ka of O(102) values
permit the greatest damping, corresponding to moderately viscous ﬂuids. In practice, to maximize damping of a given cantilever, one could
select a liquid (q, l) and drop size (R) to achieve a Ka of the desired
value. During ﬂuid selection, the damped natural frequency imposed
by a given liquid is unknown, but for md =mc  1  6, the ratio
f =f0  0:8  1 where f0 ¼ 0:56ðEI=mc ‘3 Þ1=2 is the cantilever’s
damped natural frequency in ﬁrst mode vibration without added
mass. Thus, either a calculated or observed f0 provides a convenient
substitute for f when calculating an approximate Ka. We plot ðf =f0 Þ in
Fig. 9(b).
V. DISCUSSION AND CONCLUDING REMARKS
In this study, we have experimentally determined the damping
capacity of liquid drops resting on the free end of a vibrating cantilever. Our work may be compared to that of PIDs on cantilevers, which
like drops, show decreased damping capacity at high levels of effective
acceleration,12 typically in the range of w  0:1  0:2. At the effective
accelerations in which PIDs work best, w  0:8  1 However, at
effective accelerations C < 2, the damping capacity of particle dampers falls dramatically, presumably due to the cessation of movement of
particles within the damper. No such decline in damping capacity is
witnessed with liquid drops, which can experience internal ﬂow with
the slightest of external excitation. Thus a functional comparison can
be drawn between the two types of dampers. Liquid drop dampers
may be suitable for applications where damping is needed at small perturbation amplitudes or small surface accelerations, whereas PIDs, not
prone to break apart or eject, are more robust to failure at larger surface accelerations. A direct comparison between drops and PIDs is
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difﬁcult because the measure of w is tied to cantilever inertia, air
damping, and internal damping in addition to damper properties. For
example, our 2.2-mg, 2-mil cantilever topped with a solid mass has a
greater damping capacity than some of the 38-g cantilevers topped
with PIDs simulated by Mao et al.12
The initial pluck amplitude of our system was chosen to ensure
that drops never eject from our cantilevers. If ejection were no concern, we expect that speciﬁc damping would change very little up to
the point where drops fail in cohesion and break apart. The curves of
Figs. 6(a)–6(c) indicate that all test ﬂuids approach a limit of w. The
values of w for the 10-mil cantilever at C ¼ 400 gravities are comparable to those at C ¼ 100 gravities. The same behavior is seen with the
other cantilevers, though at smaller effective acceleration ranges.
While wetting properties of the cantilever were held constant in
our system, wettability is another means to tune drop damping.
Hydrophobicity produces static drops which are more spherical, promotes contact line motion, and makes drops susceptible to ejection
from the surface.38,43 Drop motion across the substrate is likely unfavorable because it is difﬁcult to control. Hydrophilic surfaces, in contrast, will produce ﬂattened static drops, encourage contact line
pinning, and permit higher accelerations before drops leave the surface. We posit, based on our results in Sec. IV A, the limited ability of
ﬂattened drops to undergo large deformation limits their ability to
damp. Furthermore, pinned drops are not able to dissipate energy
through contact line motion. Though we implicitly include dissipation
by contact line friction, we are not able to separate it from viscous dissipation. Previous work52,53 has discovered a closed form expression of
a contact line friction coefﬁcient,
f¼

lVm
rk2 ð1 þ cos hc Þ
;
3 exp
kb T
k

(12)

where Vm is the molecular volume of the unit of ﬂow, kB is the
Boltzmann constant, and T is the absolute temperature. There “no
way of deﬁnitively predicting” the molecular jump distance k from
one potential well to another for a given solid–liquid combination.52
However, Eq. (12) is illuminating in terms of how dissipation via friction scales with viscosity and surface tension. The identiﬁcation of k
and Vm for a given system is a step toward optimizing liquid properties, l and r, to maximize damping.
The damping of the cantilever by a drop will be strongly correlated with the ratio of the cantilever to drop mass. Cantilevers of different density or thickness to the ones tested innately have different
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natural frequencies, which in turn modulates drop deformation, i.e.,
ﬂatness factor, as shown in Figs. 6(d)–6(f). Our most massive 10-mil
cantilever has a cantilever-drop mass ratio of approximately six and
experiences less damping than the 5-mil specimen with a mass ratio of
three. For 2-mil thick cantilevers, the drop mass is roughly equivalent
to the cantilever mass, sloshing drop can alter the cantilever phase,
revealing two dominant frequencies as reported in Figs. 4(a) and 4(b).
The emergence of two frequencies is perhaps the cause for less damping in the 2-mil cantilever than one might expect, but our physical
understanding of this observation is limited.
The introduction of non-Newtonian ﬂuids is another avenue for
tuning the damping characteristics of drops but will dramatically
increase the difﬁculty in predicting system behavior. The shear-stress
dependency of non-Newtonian ﬂuid properties dictates that damping
capacity will be highly reliant on cantilever accelerations. At large
accelerations, shear-thickening ﬂuids will behave more solid, and perhaps see a dramatic reduction in damping capacity. Shear-thinning
ﬂuids could be prone to erratic breakup. The emergence of such
behaviors is of course be governed by the matching of the solid and
liquid composition.
We hope our results form a foundation for engineered systems to
both use liquid damping, in the case of novel sensors, and thwart it, in
the case of robotic ﬂyers. The success of micro and nano aerial vehicles
in all environments is critically dependent on their ability to cope with
environmental hazards such as rainfall dewfall. The removal of moisture from ﬂight critical surfaces may not be trivial for the smallest
ﬂyers.56,57 Vibration strategies speciﬁcally employed to dry wings
much be chosen to maximize efﬁcacy by minimizing input. A critical
piece to effective self-drying is an understanding of vibration damping
by the very mass a ﬂyer seeks to remove.
SUPPLEMENTARY MATERIAL
See the supplementary material for an additional plot of temporal
displacement curves of the 2-mil cantilever topped by various drops.
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