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Vibrating droplets exhibit complex sloshing motion, an understudied behavior in drop physics. In
general, sloshing involves a combination of droplet motion, deformation, and mass redistribution
in all three dimensions. For microflyers in damp or wet environments, the dynamics of these
drops on flight surfaces can significantly alter performance. As part of a larger project studying
droplet adhesion and ejection on flexible, millimeter-scale wings, the current effort addresses
the influence of a sloshing droplet on a highly flexible structural element inspired by insect
wings. The ability of drops to deform and even relocate complicates the task of determining the
dynamics of a microflyer wing. Our current understanding of sloshing stems from previous
work on droplets of various viscosities placed at the end on the top surface of a cantilever
beam. These experiments were repeated across a range of various beam thicknesses and
demonstrated an influence that depended on the beam’s excitation frequency. This paper
investigates how the droplet viscosity and volume influence its fundamental sloshing natural
frequency. Experiments revealed an inverse relationship between drop volume and natural
frequency. Moreover, comparing drops with the same volume but different viscosity showed
an additional inverse relationship between drop viscosity and natural frequency. In addition,
increasing drop viscosity significantly increased the drop damping; i.e., drop free vibrations
damped out much more quickly than in drops with lower viscosity.
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L. Introduction

HEN a mosquito or similarly sized insect takes flight, a seemingly negligible small droplet will greatly hinder its

flight performance. To ensure safe flight, mosquitoes conduct a low-amplitude, high-frequency, flutter-like motion
to eject and decontaminate their wings of droplets and other particulates [1]]. In contrast, mosquitoes wings in flight
actuate with much greater amplitude but at much lower frequency. During both phases of wing motion, mosquitoes
generate approximately 2,500 g of wing-tip acceleration, but with vastly different amplitude/frequency combinations
corresponding to the different stroke objective: decontamination or flight. This study investigates the first part of a
three-part research project focusing on systems exhibiting deformable solid dynamics that are highly dependent on
coupled liquids. The droplet’s behavior is investigated under free vibration to identify complex motion of liquid droplets.
It is anticipated that planar solid motion and mass redistribution will be observed through the sloshing of droplets from
free vibration. This research aims to identify an effective method to rapidly decontaminate small surfaces. The primary
focus of this study is on how the natural frequency of a droplet is affected by the volume and viscosity of a droplet on a
stationary surface. Having a better understanding of this frequency dependence will reveal new physics of temporal
drop sloshing, fragmentation, and damping. For example, the effect of a solid mass on an actuated, flexible, cantilever
beam can be modeled in a relatively straightforward fashion, at least for first-order effects. A sloshing droplet, however,
may impart a dynamically varying level of inertia; moreover, it may relocate along the beam during vibration. All these
effects will depend on relative droplet and beam size, droplet contents (e.g., density, viscosity), and the droplet-beam
interface (e.g., wettability). This paper starts this analysis by revealing how a droplet on a rigid surface experiences free
vibration; the hypothesis is that as the viscosity and volume of a disturbed stationary droplet increases, the droplet’s
natural frequency will decrease.

I1. Background

The coupled fluid-structure interaction is not well studied in regard to drop physics. Gathering experimental and
numerical data on this interaction can enable more accurate predictions of droplet behavior. Previous studies focused
on how inertial loads relate to vehicle movement [[2H6]]. This includes the previously mentioned supercooled droplets
causing significant performance loss when flying in certain environments[7]]. This study departs from existing knowledge
by focusing on multi-dimensional compliant substrates that do not have any kind of prescribed motion. Sloshing is a
relatively understudied concept, as there is no standardized way to quantify “slosh.” The droplet aspect ratio (AR) has
been used in previous investigations to quantify droplet behavior using the equation

H

AR = 7 1)
where d is described as the maximum width of the droplet and H is the height of the elongated or flattened drop from the
contact surface [8]]. The droplet aspect ratio equation fails to capture the complex behavior of a sloshing droplet. The
equation captures the movement of the droplet from its most elongated vertical point and its most elongated horizontal
point which does not describe any of the internal movement or other smaller peaks as it is sloshing. The droplet’s
behavior can be extremely varied depending on the viscosity of the droplet, the material, and thickness of the cantilever,
and the frequency of the vibrations that induce sloshing. Due to the nature of sloshing, there is a change in not only the
transverse motion and weight of the droplet, but also the effective mass of the droplet which changes as the droplet
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deforms vertically and changes the weight observed on the cantilever. Characterizing the sloshing motion as a response
to structural vibration will assist in understanding the mechanics of droplet ejection. Achieving a better understanding
of the self-decontamination approach may allow it to be implemented in the medical, scientific, aviation, etc. fields as
decontamination is essential for surfaces like mosquito wings. This research focuses on the first part of a collaborative
study between experts of experimental drop mechanics and damping dynamics. This research approach is inspired by
the dynamical system mosquitoes use to decontaminate their wings, removing moisture prior to flight. Figure[T|shows
the change in deflection during the flutter motion over time to quantitatively describe this three-step behavior. In this
process, the mosquito starts with a flutter stroke, then moves into a transitional fluttering, and finally to a normal stroke
that allows for the ejection of droplets and contaminants in a matter of milliseconds [TI].
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Fig. 1 The (a) photos show the mosquito in flutter stroke and ejecting the droplets. The (b) graph shows a
quantitative representation of the deflection(mm) versus time(ms) throughout the flutter, transitional normal
stroke.

Preliminary work investigated how droplets affects the damping of cantilevers with various droplet viscosities. This
was done by determining the specific damping capacity, y [9], for the i™ cycle utilizing the equation

V2 _y?
vi = % (2)

4

where tip velocity V is measured at y = 0. Figure 2] shows a plot of ¢ verses dimensionless acceleration amplitude, I'

for a 0.13mm cantilever. I" is described as 5
I'= Ai 3)
8
where A is the vibration amplitude, w is the angular frequency, and g is the acceleration due to gravity. This is in
order to find a viscosity that imposes the greatest damping.[9] The viscosity of the liquids are categorized utilizing the
dimensionless Ohnesorge Number to describe the correlation between surface tension effects and viscosity. Ohnesorge

Number is as
oh=-* 4
poR

where u is the dynamic viscosity of the liquid, p is the density, o is the surface tension and R is the nozzle radius or the
length [10]. The equation demonstrates that smaller, more viscous drops are more likely to eject as they are less prone
to deformation with surfaces of lower adhesion [11]]. These experiments demonstrate that changing surface tension has
minimal effect on damping, but a large effect on drop shape (inertial load) [9]. Understanding the drop shapes at a more
fundamental level requires exploring water droplet movement outside of prescribed motion. The natural frequency of
a disturbed water droplet gives insights into the dynamics of a water droplet sloshing motion. Natural frequency is
determined through its stiffness and mass, which are the properties of a free dynamical system
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where f, is the natural frequency, k is the system’s stiffness, and m is the mass of the system. The natural frequency of
a system of droplets gives us insight into the behavior acting within the droplet by exploring how the mass and stiffness
of a complex system, such as a droplet sloshing, interact with each other [12]. This study builds upon this preliminary
work by performing similar experiments with droplets on cantilevers of variable thickness.
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Fig. 2 Damping tip displacement is occurs due to drop viscosity. (a) Comparison of cantilever tip displacement
with solid (S) and glycerin (G1) masses. (b) Specific damping capacity ¢ versus ejective acceleration for a 0.13-mm
cantilever top with liquids of various viscosity. (c¢) Average damping capacity ¢ for changing surface tension of a
mixed glycerin-water drop.

Previous works display the complexity of the unsteady inertial loads by focusing on drop properties, cantilever motion,
and cantilever wetting properties that identify a particular ejection mode where the base motion amplitude is fixed, and
attempts to quantify the dampening induced by sloshing sets the groundwork for this research [13]. The kinematic
assumption provided by Euler-Bernoulli Beam Theory and small deflections would under normal circumstances describe
the interactions from equilibrium to the equation of motion. The added variable of larger deflections of the droplet,
which provides a new theoretical point mass, keeps us from using the aforementioned assumption [14]]. Y. Chen’s
extension of Hamilton’s Principle develops the methodology for describing the dynamic system in a motion equation
[15]. Applying the assumed-modes method with von Kdrman strains to model the large deflection of the thin beam
results in the nonlinear form.

Mii+cd+kLa+kNLa3 = —M()do(t) (6)

where a(t) is the function describing the amplitude of the assumed mode motion; a represents beam/drop system’s
base motion of the beam/drop system. The linear equivalent mass, damping, and stiffness variables are M, c, and &,
respectively. k. is the term that shows how the beam bends and moves nonlinearly. M is the term that represents an
integration of deformable motions and the rigid base of the drop/beam system. [[16] Using Hamilton’s principle, the
stiffness and mass variables can be directly calculated from energy and work. The damping terms selection is influenced
by the application, as boundary conditions have a considerable impact on energy dissipation [15[17-21]. Despite our
understanding of Hamilton’s principle, one of the current struggles of understanding the motion of cantilevers in the
context of drops of liquid is drop inertia. Previous research has investigated how time-dependent inertial factors affect a
structure, but a liquid drop’s deformation is unpredictable because as the droplet sloshes, its effective weight and mass
distribution change, which develops liquid accelerations that can vary greatly [3].

The center of mass of the drop on a cantilever at rest uses x¢ as the distance from base and from the cantilever
surface the distance is represented by § which will make angle w’(xo, ) with respect to the horizontal axis which is
represented in Figure[3] Newton’s Second Law describes the force that is acting on a steady drop’s center of inertia the
center of mass of a drop on a cantilever at rest

Fi = marop? @)

Here the position vector r describes the location of the drop on the cantilever. Assuming a spherical curvature of the
drop, the drop mass is described as

(F)? 27 2
T—(h) cos 0, + R“h’ cos” 0, )

4
Mdrop = PTT §R3 - R?W +

where R is the spherical drop radius, the equilibrium contact angle is 6, and A’ is the distance the sphere would protrude
below the cantilever [8]].
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Fig. 3 A free-body diagram of a liquid drop on a cantilever under deflection.

Using Newton’s Second Law, we can define the normal and tangential forces,

Fi.1 = Mgrop 7" (cos '’ [ +sinw’ )) 9)

Fi N = Marop 7 (—sinw’ i + cos w’ J) (10)
the adhesion force is also represented through components F,q,7 and Fyq n in the equations.
Faa,r = ksRo(cos 8, —cos ) (11)

Although we attempt to explore and quantify the movement of the droplet in the system through F,q 7 and Fyq, v, there
is no current existing closed-form solution for the cohesive force that keeps the drops intact for sloshing, deforming

drops [22].

II1. Methodology
Unlike preliminary experimentation, this investigation investigates the droplet on a flat surface. A 15.24-mm by 3.81-mm
piece of Kapton is secured on a flat elevated position, which, for our purposes, was a piece of Kapton taped to a table
that was level with the camera. This portion of the experiment tests the volume and viscosity of the droplet in relation to
its natural frequency.
The corner of a separate piece of Kapton is used to then disturb the water droplet by placing the corner tip of the
Kapton piece onto the water droplet and then quickly lifting the Kapton sheet upwards. The reactionary sloshing is

(a) An 11-uL droplet just after an has been disturbed. (b) An 11-uL droplet sloshing after being disturbed.

Fig. 4 Direct disturbance generated free vibration droplet motion.
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observed and recorded. This experiment includes the reactions of both water and a 75% glycerin-water solution at 1, 3,
5,7,9,and 11 uL, with 5 recordings for each.

The high-speed videography is taken using a Fastcam Mini AX 200 camera utilizing a Sigma 105-mm lens on
a tripod, capturing at 6400 fps and 512 x 384 resolution. As a backdrop for the footage of the cantilever, a Neewer
background light is set at 5600 K to isolate and emphasize the droplet and its behavior during filming. To observe and
record the camera footage, the Photron Fastcam Viewer 4 (PFV4) program is run and utilized on one of the laboratory
computers.

Captures of preliminary experiments shown in Figure[fb|shows what is expected to be recorded during experimentation.
The recording is cropped using Image]J to reveal exclusively the beam and the droplet to optimize the analysis. The
recordings are then cropped using the Image] software so just the droplet and its disturbance are visible in the recording.
After binarization, the data creates an amplitude over time graph, then run through a Fast Fourier Transform (FFT) to
find the natural frequency, which is then recorded to find the mean natural frequency for each case.

IV. Findings
For every experiment conducted, a single-sided amplitude spectrum graph is analyzed for the natural frequency, which
is then compiled into the data points used for the results.
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Fig. 5 Frequency graph from an 11-yL water droplet.

Figure [5]shows the peak of the graph that represents the natural frequency for the droplet. That peak value is then
recorded and analyzed with the other trials in the test case. Analysis of the stationary water droplet experiments reveals
an overall trend revealing an inverse relationship between water droplet volume and natural frequency.

Figures[6]and[7] show the general trend of the natural frequency decreasing as the volume of the droplet increases.
Significant spread of the data points is observed for each volume case. Many cases such as the 5 uL has equal or less
value for the natural frequency than the 7 uL.

When comparing the natural frequency of glycerin and a water drop of the same volume, indicating how the increase
in viscosity leads to a decrease in the natural frequency for all the corresponding volumes. This is observed in Figure 8]
It is important to note that the general spread of the glycerin values overlapped at times with the water droplet values
such as the test cases for 5 uLL and 11 uL.

V. Discussion
The equation for natural frequency describes the behavior of the stationary droplet, as the increase in overall rigidity
from an increase in viscosity allows for a higher natural frequency. Despite this, a decrease in natural frequency is
observed from the glycerin to its corresponding water counterpart. The inverse relationship between mass and natural
frequency indicates that an increase in volume leads to a corresponding decrease in natural frequency. This is consistent
between water and glycerin. Figures [f]and [7]showcase a substantial spread of values for many test cases. It is observed
that certain volume test cases have trials where droplets of a lesser volume have a greater natural frequency. The current
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Fig. 6 Data plot for the water droplet experiments.
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Fig. 7 Data plot for the glycerin droplet experiments.
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Fig. 8 The combination of water and glycerin values
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hypothesis is that there is either an inconsistency of behavior of the droplet when disturbed or inconsistencies of the
analysis code as the droplet is tracking the droplet’s movement. The data presents a small portion of tests that were
unreadable by the MATLAB analysis code, which provided unintelligible data or no data at all, despite no clear reason
being observed from the recordings. These tests were redone with the same parameters. Seen in Figure[/] the testing
cases for 1 uL are empty, as all original and subsequent captures failed to provide data or the data is intelligible. The
subtlety of the vibration of the droplet likely made it difficult for the analysis code to provide unintelligible data. These
outliers were recorded but not added within the values that were used to calculate the mean for each respective volume.

VI. Conclusion

This investigation sought to observe the practical effects that volume and viscosity have on the natural frequency of a
liquid droplet when placed on a Kapton surface. Experiments show a general trend of a decrease in natural frequency
as the liquid volume and viscosity increases for the droplet vibrating on a rigid surface. The relationships and trends
observed present a new avenue for experimentation to validate and develop this investigation. Future investigations will
consider additional viscosities, for example different water/glycerin mixtures to extend these trends. In addition, we
anticipate studying different droplet-beam interfaces properties, for example using surfaces that have greater or lesser
wettability than plain Kapton. We observed that water would remain on the Kapton “disturbance” sheet after disturbing
the droplet. Although seemingly negligible, the water droplet will be slightly less than its assigned volume. Developing
a method to keep the amount of water lifted out of the droplet proportional would keep the results more consistent in
relation to each other. This effect will be more significant as the beam wettability decreases. In the limit of a highly
hydrophobic surface, the droplet may simply adhere to the material used to disturb it. For these reasons, we also are
investigating other methods to generate an initial droplet deformation, such as blowing a thin stream of air onto the
droplet.
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